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Action

S =
R2

4π

∫
Σ
∂φ · ∂φ
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Equation of motion

∂2φ = 0.

∂iφ =
2∑
j=1

εij∂jσ.

εij = −εji, ε12 = 1.
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Classical Duality

∂iφ = εij ∂jσ,
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Dual Picture

∂2σ = 0.
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Duality in QFT

φ : Σ→ S1

1

4π

∫
Σ
∂Φ∗ · ∂Φ, Φ = ei R φ

Covariant Derivative

DΦ = (∂ + i RA)Φ

Dφ = ∂φ+A
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Big theory

S =
R2

4π

∫
Dφ ·Dφ− i

2π

∫
σ FA

Equations of Motion

Lσ :FA = 0, (1)

Lφ : ∂2φ = 0, (2)

LA : ∂iφ =
i

R2
εij∂jσ. (3)
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Dual Theory

φ = 0,

S =
R2

4π

∫
A ·A− i

2π

∫
C ·A, Ci = εij∂jσ

Integrate Out A

A → A′ = A− i

R2
C

S =
1

4π R2

∫
(∂σ)2.
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R→ 1/R

Z =

∫
Dφ e−S/~

~→ R4/~
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Correlation functions

〈
Dφ(x)

∏
i

Oi(xi)

〉

Dual Picture

Dφ→ i

R2
εij∂jσ
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Correlation functions

〈
eiφ(x)e−iφ(y)

〉

Wilson Line 〈
eiφ(x)e

∫ y
x Ae−iφ(y)

〉
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Dual Picture

Σ → Σ− {x, y}

Winding Numbers∮
x
dσ = 1,

∮
y
dσ = −1.
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Conclusion

1 ~↔ 1/~ implies that a classical theory can be dual to a
quantum theory,

2 A local operator can be dual to a non-local procedure.

Reference
E. Witten, Dynamics of Quantum Field Theory, in: P. Deligne et al.,
eds., Quantum fields and Strings: A Course for Mathematicians,
AMS 1999.
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Closed String
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Mass formula

m2 =
n2

R2
+
w2R2

`4s
+

2

`2s
(Nl +Nr − 2) (4)

0 = nw +Nl −Nr (5)

T-duality

R → R′ =
`2s
R
, n ↔ w

0 < R < `s R > `s
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Gauge Symmetry

m2 = 0⇒ n = w = 0, Nl = Nr = 1.

Generic gauge group

U(1)l × U(1)r
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Self-dual Radius R = `s

New massless states

n = w = ±1, Nl = 0, Nr = 1, n = −w = ±1, Nl = 1, Nr = 0,

n = ±2, w = Nl = Nr = 0, w = ±2, n = Nl = Nr = 0.

Enhanced gauge symmetry

SU(2)l × SU(2)r
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Conclusion

1 R→ 0 and R→∞ are physically equivalent.
2 Gauge symmetries can be accidental.

Reference
J. Polchinski, String theory: An introduction to the Bosonic String,
Cambridge University Press, 1998.
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Conformal symmetry in two dimensions

Classical Virasoro algebra

Conformal transformation on R2 ∪∞

ds2 = dx2 + dy2

z = x+ i y ds2 = dz dz̄

z → z′ = f(z)

ds2 → |∂f |2 dz dz̄
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Conformal symmetry in two dimensions

Generators

`n = −zn+1∂z,

Witt Algebra

[`n, `m]Lie = (n−m) `n+m
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Conformal symmetry in two dimensions

Noether Charges

Tµν = − 4π
√
g

δS

δgµν

∂µ T
µν = 0, Tµµ = 0

Tzz = T (z), Tz̄ z̄ = T̄ (z̄), Tz z̄ = 0
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Conformal symmetry in two dimensions

Virasoro Algebra

Ln =
1

2π i

∮
dz zn+1 T (z)

[Ln, Lm] = (n−m)Ln+m +
c

12
(n3 − n) δn+m,0

Central Charge

〈T (z)T (w)〉 =
c/2

(z − w)4
.
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Anti de Sitter spacetime

Geometry

R(2,2)

ds2 = dX2
0 + dX2

1 − dX2
2 − dX2

3

AdS3 Geometry

X2
0 +X2

1 −
(
X2

2 +X2
3

)
= `2

ds2 = r2 (−dt2 + dφ2) +
dr2

r2
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Anti de Sitter spacetime

Asymptotic Symmetries

ds2 = r2 (−dt2 + dφ2) +
dr2

r2

Diffeomorphisms

δ gµν = ∇µ ξν +∇ν ξµ

δgtt = O(1) δgφφ = O(1) δgrr = O(r−3)
δgtφ = O(1) δgt r = O(r−1) δgφ r = O(r−1)
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Anti de Sitter spacetime

Generators of asymptotic symmetry

ξ = ξ(z)∂z −
1

2
(∂zξ)r ∂r + c.c.

z = ` φ+ i tE

central charge

c =
3`

2G
� 1

J.D. Brown, M. Henneaux, Commun. Math. Phys. 104, (1986) 207.
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The Cardy formula

Entropy

Modular invariance

Z(β) = Z

(
4π2

β

)

Z(β) ' exp

(
4π2 c

12β

)

Cardy formula

S =
2π2 c T

3

J.L. Cardy, Nucl. Phys. B. 270, (1986) 186.
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Conclusion

The number of spacetime dimensions might be physically
unimportant!

Suggested Reading
J. Polchinski, Dualities, arXiv: 1412.5704
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