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16 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ÂþÁ��÷���Þ� ��¤£ 3-517 . . . . . . . . . . . . . . . . . . . . . . . . . . . . �±ã� ¤¢ ¢�¥� ýù¤£ ¥�ð 4-520 . . . . . . . . . . . . . . . . . . . . . . . . . . . . üÞ�� ø¢ ¥�ð 1-4-521 ù¢�¨ ý�û¥�ð ý�þÂÑ÷ üÞµ÷��î ¤�õ� 621 . . . . . . . . . . . . . . . . . . üÞµ÷��î ×�÷�÷�îøÂØ�õ ¢ÂÚ�û ¤¢ ñ�ùÀþ� ¥�ð 1-624 . . . . . . . . . . ×�÷�÷�î À÷�Âð ø ×�÷�÷�î üÞµ÷��î ý�û¢ÂÚ�û ¤¢ ñ�ùÀþ� ¥�ð 2-626 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ñ�çª� ý�û¢Àä ¤�õ� 3-629 ü÷ø¥�� ñ�ùÀþ� ¥�ð 729 . . . . . . . . . . . . . . . . . . . . . . . ü÷ø¥�� ñ�ùÀþ� ¥�ð ×�õ��þ¢�õÂ� 1-734 . . . . . . . . . . . . . . . . . . . . . . . . . ù��¨ ÝÆ� Ç��� ×�õ��þ¢�õÂ� 2-736 . . . . . . . . . . . . . . . . . . . . . . . . . ý¤�Ü� ��Àõ�� ýùÄþø ý�õÂð 3-739 üõÂê ñ�ùÀþ� ¥�ð 8
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3 ÛÊê
×�÷�÷�î ¢ÂÚ�û

Å�Ï��çõ�¤�� ¢��õ ¤�õ� 1-3Ý��îüõÂê .ÀþÂ�Ú� ÂÑ÷ ¤¢ Hü�¤�¡ö�À�õ ¤¢ µ ���ÈõüÆ�Ï��çõü±Îìø¢ N Ûõ�ª üû�Úµ¨¢.À÷ÂþÁ� ���Þ� ÂÚþÀØþ ¥� ø ùÀþ�ðý�� �ûü±Îìø¢ ßþ�¤¢ .Àª�� x = µH
kT ´±Æ÷ ¥� üã��� �ú��M ÇÏ��çõýù¥�À÷� ¢øÀ½õý�õ¢ ¤¢ �î Ýþ¤�¢ ¤�Ñµ÷�ùÀ�Ï��çõ �f õ�î ù�Úµ¨¢ ø À÷�ªüõ ÝÑ�õ ö�À�õý�µ¨�¤ ¤¢ �ûü±Îìø¢üõ�Þ� (T → 0) x → ∞À��f õ�î �ûü±Îìø¢ýÂ�ð´ú� üþ�õÂðý�û��¡ ø ´ê�Â�� ¤¢ (T → ∞) x → 0À� ¤¢ �õ� .¢�ªüõ

θi ö� ¤¢ �î Ý�û¢ Çþ�Þ÷ {θi} �� �¤ ù�Úµ¨¢ Çþ�¤� Âð� .´¨� ÂÔ¬ ù�Úµ¨¢ÇÏ��çõ ø ´¨� üê¢�Ê�:¢�ªüõ ù¢�¢ Âþ¥ý�Î��¤ �� ù�Úµ¨¢ý�Â÷� ù�ðö� ´¨� Hý�µ¨�¤ �� ��eiü±Îìø¢ý�þø�¥
E({θi}) = −

N
∑

i=1µi.H = −µH
N
∑

i=1 cos θi. (1.3)ö�¤¢ �î QN = QN1 ©¤��â��� �¹�µ÷ ¤¢
Q1 =

∑

θ

exp (βµH cos θ) = 4π sinh(βµH)

βµH
. (2.3)7



ý�Î��¤ �� �î ù�Úµ¨¢Í¨�µõÇÏ��çõ �î ¢�¢ ö�È÷ ¢�ªüõ ü÷�¨� ��
Mz =

〈

N
∑

i=1µ cos θi

〉

{θi}

=
1
β

∂

∂H
logQN , (3.3):Àþ�üõ ´¨¢ �� L(x)1ßþøÄ÷�â���°Æ�Â� ¢�ªüõ ù¢�¢

Mz = NµL(βµH), (4.3)
L(x) = coth x−

1
x
. (5.3):¢¤ø� ´¨¢ �� �¤ ý¤�îö�÷�ì ¢�ªüõ �� ßþ� ¥�

M =
Nµ23kT H + O(x2) ⇒ ξ = lim

H→0(∂M∂H )

∼
1
T
. (6.3)üÆ�Ï� � çõü±Îìø¢ N Ûõ�ª ü� � ³¨�ý�Ø±ª ×þ üÞµ ÷�� î©ø¤ � � ÇÏ��çõý�±¨�½õý�Â �.ǫ = µH � î À ª� � ±ǫ À ÷�� �ü õ ü ± Î ìø¢ Â ûý�Â ÷� .À þÂ � Ú � Â Ñ ÷ ¤¢ �¤ Hü �¤� ¡ö�À � õ ¤¢:�î (Ý��îüõ üª��ÝÈ� ÂÚþÀØþ �� �ûü±Îìø¢Ç�îÝûÂ� ¥�) ´¨� QN = QN1 ù�Úµ¨¢©¤��â���

Q1 = eβǫ + e−βǫ = 2 cosh(βǫ). (7.3):(x = βǫ) �¹�µ÷ ¤¢ ø Àþ�üõ ´¨¢ �� A = −NkT ln(2 cosh(βǫ)) �µó�úÞÜû¢�¥�ý�Â÷� �� ßþ� ¥�
S = −

(

∂A

∂T

)

H
= NK (ln(2x) − x tanhx) ,

U = A+ TS = −Nǫ tanhx,

M = −

(

∂A

∂H

)

T
= Nµ tanhx,

C =

(

∂U

∂T

)

H
= Nkx2sech2x. (8.3):´ª�÷ Âþ¥�¤�¬ �� ý�Â÷�é�ð ∆°Æ�Â� ¢�ªüõ �¤ ùÄþøüþ�õÂð´�êÂÒ

C = Nk

(

∆

kT

)2
e∆/kT

(1+ e∆/kT
)−2

. (9.3)
Langevin, 1905 18



4 ÛÊê
×�÷�÷�î À÷�Âð ¢ÂÚ�û

×þ �� üþ�õÂðñ¢�ã�ñ�� ¤¢ �î ¢ø¤üõ ¤�î �� (S) üû�Úµ¨¢Ó�¬��ý�Â� ×�÷�÷�î À÷�Âð¢ÂÚ�ûø E(0) ý�Â÷�á�Þ¹õ �î ´¨� ßþ� ü¨�¨�Âê .À�îüõ �ó¢� ±õ ù¤£ ø ý�Â÷� (S′) üþ�õÂðâ± �õ:´¨� ´��� N (0) ù�Úµ¨¢ ø¢��¤£Ûî¢�Àã�
Nr +N ′r = N (0),

Er + E′r = E(0), (1.4)ø
Nr

N (0)
≪ 1

Er

E(0)
≪ 1. (2.4)ø Ω(Nr, Es) ≪ Ω′(N ′

r, E
′
s) �î ¢�ªüõ �¹�µ÷ �ø¢Âê ¥� .´¨� ¥�¹õ´ó�� ×þÂÚ÷��� �� ßþ� ¤¢ r�¹�µ÷ ¤¢

lnΩ + ln Ω′ ≈ ln Ω′(N (0) −Nr, E
(0) − Es) ≈ ln Ω′(N (0), E(0)) − αNr − βEs, (3.4)9



�� ßþ� ¤¢ �î
α =

(

∂ ln Ω′

∂N ′

)

N ′=N(0) ,
β =

(

∂ ln Ω′

∂E′

)

E′=E(0) . (4.4):¢�ªüõ ù¢�¢ Âþ¥ý�Î��¤ �� Es ý�Â÷� ø ù¤£ Nr �� üµó��á�ìøñ�Þµ�� Pr,s �¹�µ÷ ¤¢
Pr,s =

exp(−αNr − βEs)
∑

r,s exp(−αNr − βEs)
. (5.4)�î ¢ÂÚ�û ßþ�ý�Ìä� ¢�Àã� nr,s �� À��î Âê ø ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ ���Èõù�Úµ¨¢ N Ûõ�ª ý¢ÂÚ�û:¢�ªüõ ÓþÂã� Âþ¥¢��ì �� ×�÷�÷�î À÷�Âð¢ÂÚ�û .Ý�û¢ Çþ�Þ÷ ¢¤�¢ ù¤£ Nr ø ´¨� Es �ûö�ý�Â÷�

∑

r,s

nr,s = N ,

∑

r,s

nr,sNr = N N̄ ,

∑

r,s

nr,sEs = N Ē, (6.4)�¤ nr,s¤�ÀÖõÍ¨�µõ 〈nr,s〉 ø âþ¥�� ßþÂ�ÛÞµ½õ {n∗r,s} Âð� .À�µÆû üµ���Âþ¢�Öõ Ē ø N̄ �� ßþ� ¤¢ �î�î Àþ¢ ¢�ªüõ Àû¢ ö�È÷
Pr,s = lim

N→∞

〈nr,s〉

N
=
n∗r,s
N

, (7.4).´¨� ùÀª ù¢�¢ (5.4)ý�Î��¤ ¤¢ Pr,s �î
qÛ�Æ÷�µ�́ �Þî ¢�ª ßªø¤ Ýþ¢Âî üêÂãõ ��� ¤¢ �î ý¤�õ�ý�úµ�ÞîüØþ��êý��ãõ �î ö�ý�Â�:Ý��îüõ ÓþÂã� �¤

q = ln

(

∑

r,s

exp(−αNr − βEs)

)

. (8.4)�î Àþ¢ ¢�ªüõ üð¢�¨ ��
d(q + αN̄ + βĒ) = β

(

α

β
dN̄ + dĒ −

1
N

∑

r,s

〈nr.s〉 dEs

)

. (9.4)10



�î ÝþÂ�ðüõ �¹�µ÷ dQ = dE + dW − µdN ×�õ��þ¢�õÂ�ñø�ö�÷�ì�� �Î��¤ ßþ�ý�Æþ�Öõ ��
dW = −

1
N

∑

r,s

〈nr.s〉 dEs, (10.4)ø µ = α
β

d(q + αN̄ + Ē) = βdQ, (11.4)ö�Þû k �î ¢�¢ ö�È÷ ¢�ªüõ .q + αN̄ + βĒ = S/k ø β = 1/kT �î ¢�ªüõ �¹�µ÷ �� ßþ� ¥� �î�¹�µ÷ ´¨� G = Ē − TS + PV Å±�ð¢�¥�ý�Â÷� ö�Þû µN̄ �î �� ö� ¥� .´¨� ö�õ�µó��´���:�î ÝþÂ�ðüõ
q =

PV

kT
. (12.4):Ý��îüõ ÓþÂã� QNr =

∑

s exp(−βEs)|Nr ©¤��â���°Æ� Â� �¤ 1ï¤��©¤��â��� L
L = eq =

∞
∑

Nr=0 zNrQNr , z = eµ/kT . (13.4)ø A = µN − PV = −kT ln(z−NL) �î ¢�¢ ö�È÷ ¢�ªüõ .P = kT
V lnL �î ÝþÀþ¢

S =

(

PV

T

)

µ,V
= k

(

∂T lnL

∂T

)

µ,V
. (14.4)

Grnad partition function 111



5 ÛÊê
üÞµ÷��î ¤�õ� ýÀ��ñ�õÂê

üó�Ú� ÅþÂ��õ ø üÞµ÷��î ¢ÂÚ�û 1-5�¤ üÞµ÷��î¢ÂÚ�û ×þ ¢�ªüõ ù¢�¢ Hü÷�µÜ�õ�û �� �ûö�×�õ��þ¢ �î ù�Úµ¨¢ N → ∞ý�ä�Þ¹õù�Úµ¨¢ ö���õâ��� ψkýø¤ ¥� �î ak
n°þ�Â®ý�ä�Þ¹õ �� �¤ ��e kù�Úµ¨¢ ¢ÂÚ�û ßþ� ¤¢ .À÷¥�¨üõ:Ý��îüõ Ó�¬�� À�þ�üõ ´¨¢ ��ý�Î��¤ �� φn Ûõ�îý�þ�� ×þ°Æ� Â�

ψk =
∑

n

nkφn ⇒ ak
n =

∫

φ∗nψ
k, (1.5):�î Àþ¢ ¢�ªüõ ÂÚ�þøÂªý�ó¢�ãõ ¥�

ih̄ȧk
n =

∑

nm

Hnma
k
m, Hnm =

∫

φ∗nHφm. (2.5):Ý��îüõ ÓþÂã� Âþ¥ý�Î��¤ �� �¤ ρüó�Ú�ÅþÂ��õ
ρmn(t) =

1
N

N
∑

k=1ak
ma

k∗
n , (3.5)

12



:Ý�û¢üõ Âþ¥ý�Î��¤ �� �¤ G ö�� üµ�Þîý¤�õ�ß�Ú÷��õ ø
〈G〉 =

1
N

N
∑

k=1 ∫ ψ∗Gψk

= Tr(ρG). (4.5),�î�� ö� ¥�
Trρ =

∑

n

ρnn =
1
N

N
∑

k=1(∑n |an|
2) = 1, (5.5):´ª�÷ Âþ¥�¤�¬ �� ¢�ªüõ �¤ (4.5)ý�Î��¤

〈G〉 =
TrρG

Trρ
. (6.5)�î ¢�ªüõ ùÀþ¢ (2.5)ý�ó¢�ãõ ¥�

ih̄ρ̇+ [ρ,H] = 0. (7.5)�µÆþ�ù�Úµ¨¢ .´êÂð �ø¢ÛÊêý�Àµ�� ¤¢ Ûþø��óý��ÌìüÞµ÷��îýÀ���¤�¬ö���ä �� ö���üõ �¤ ßþ�ß���¢¤�õ ¤¢ �î Àþ¢ ¢�ªüõ ���ý�ó¢�ãõ ¥� .Ý��îüõÉ¿Èõ ρ̇ = 0¯Âª �� �¤ ñ¢�ã�ñ�� ¤¢ �þù�ð ö� (ý�Â÷�Çþ�Þ÷) À�ª�� Hâ���� ùÄþø (1.5)ý�ó¢�ãõ ¤¢ �û φn Âð� .ρ = ρ(H) üþ�ûù�Úµ¨¢:¢�� Àû��¡ ýÂÎì üó�Ú�ÅþÂ��õ
ρnm = ρnδnm. (8.5):´ª�÷ �¤�¬ ßþ� �� �¤ üó�Ú�ÅþÂ��õ ¢�ªüõ �¹�µ÷ ¤¢

ρ =
∑

n

|n〉 ρn 〈n| . (9.5)
13



ÓÜµ¿õ ý�û¢ÂÚ�û ¤�õ� 2-5×�÷�÷�îøÂØ�õ ¢ÂÚ�û 1-2-5�î ¢�ªüõ ù¢�¢ ¯Âª ßþ� �� (8.5)ý�Î��¤×Þî �� ×�÷�÷�îøÂØ�õ¢ÂÚ�û
ρ =























1/Γ §Âµ¨¢ ¤¢ ´ó�� Âû ý�Â� .0 ÂÚþ¢ ���� ý�Â� . (10.5)�î ´¨� ßþ� ´¨� ùÀ�ª�� ÓþÂã� ßþ� ¤¢ �� ö�.´¨� ´��� ý�Â÷� ×�÷�÷�îøÂØ�õ¢ÂÚ�û ¤¢ (1.´¨� üØþ ,´¨� Â��Â� �û ö�ý�Â÷� �î ü����ý�Þûö¢�Àþø ¤ñ�Þµ�� (2ü � ã þ À � ª� � ö� Æ Ø þ´ ó� � × þ ¤¢ ¢Â Ú � ûý�Ì ä��� Þ � ö� ¤¢ � î ´ ¨� ü µ ó� � 1ùÂ ¨´ ó� ��î ¢�ªüõ ù¢�¢ ¯Âª ßþ� �� ùÂ¨ ´ó�� ,φn ù��¡ñ¢ý�þ�� ×þ ¤¢ .S = k ln Γ = 0
ak

n = an, ∀k. (11.5)�¹�µ÷ ¤¢
ρ2 = ρ. (12.5)ö� ¤¢ �î üµó�� .ρn = δnm ý�Â÷�Çþ�Þ÷ ¤¢ �î ´êÂð �¹�µ÷ ¢�ªüõ (12.5) ¯Âª ¥� (ßþÂÞ�)� � ý�Â ÷�Çþ�Þ ÷ ¤¢ � µ¿� õ�´ó��Â �Ñ ÷ ü ó�Ú�ÅþÂ �� õ .Ý � õ� ÷üõ 2� µ¿� õ�´ó�� �¤ Γ > 1��en´ó��¢�¢ ¤ ¥� ý¤��ãõ ρnn üû��¡ñ¢ý�þ�� Âû ¤¢ �î �� ö� ¥� .¢�ªüõ ù¢�¢ (10.5)ý�Î��¤×�÷�÷�îøÂØ�õ¢ÂÚ�û ¤¢ §Âµ¨¢ ¤¢ý�û´ó��ý�Þû¢�Àþø ¤ñ�Þµ�� ýÂ��Â�Âêý¤�ÂìÂ� ´¨�

pure state 1
mixed state 214



.À�ª�� Â��Â� Ýû �� §Âµ¨¢ ¤¢����Â�Ñ÷ýÂÎìÂ¬��ä üû��¡ñ¢ý�þ�� Âû ¤¢ �î ´¨� ö���ÜµÆõ©��¹�µ÷ �î Ý�û¢ ¤�Âì ý�ù¥��Âê ×�÷�÷�îøÂØ�õ¢ÂÚ�û ¤¢ ´¨� �¥� á�®�õ ßþ�ß�ÞÌ�ý�Â�.´¨� ýÂÎì üó�Ú�ÅþÂ��õ üû��¡ñ¢ý�þ�� Âû ¤¢ ×�÷�÷�îøÂØ�õ¢ÂÚ�û ¤¢ �î ¢�� Àû��¡ ßþ�üê¢�Ê� �f õ�îý�û¥�ê θk
n �î ak

n = aeiθ
k
n Ý�õ�÷üõ üê¢�Ê�ý�û¥�êÛ¬� �¤ ö� �î Âê ßþ�ý�þ��Â��¹�µ÷ ¤¢ .À�µÆû

ρnm =
1
N

N
∑

k=1 |a|2 ei(θk
m−θk

n)

= cδnm. (13.5)
×�÷�÷�î À÷�Âð ø ×�÷�÷�î ý�û¢ÂÚ�û 2-2-5ù¢�¢ ρ = Q−1eβH ý�Î��¤ �� üó�Ú� ÅþÂ��õ ø ´¨� Q = Tr(eβH) ©¤�� â��� ×�÷�÷�î ¢ÂÚ�û ¤¢ý�Î��¤ �� Ýû G ö�� üµ�Þî Í¨�µõ ¤�ÀÖõ .¢�ªüõ

〈G〉 = Tr(ρG) =
Tr(Ge−βH)

Tr(e−βH)
, (14.5)âì�ø ¤¢ .[ρ,N ] = 0×�÷�÷�î À÷�Âð¢ÂÚ�û ¤¢ .¢�ªüõ ù¢�¢

ρ =
e−β(H−µN)

L
, L = Tr(e−β(H−µN)). (15.5).¢�ªüõ ù¢�¢ Âþ¥ý�Î��¤ �� Ýû G ö�� üµ�Þî Í¨�µõ ¤�ÀÖõ

〈G〉 =
Tr(Ge−β(H−µN))

L
, (16.5)
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ÂþÁ��÷���Þ� ��¤£ 3-5ßþ�ü÷�µÜ�õ�û .ÀþÂ�Ú� ÂÑ÷ ¤¢ À÷¤�À÷ Ç�îÝûÂ� ÂÚþÀØþ �� �î �¤ ÂþÁ��÷���Þ�ýù¤£ N Ûõ�ª ý¥�ð�� ù�Úµ¨¢
H =

N
∑

i=1Hi, (17.5)ÂÚ�þ¢øÂªý�ó¢�ãõ �� ö���õâ��� ø
Hψa = Eaψa, (18.5)ß þ� � � .¢¤�¢ Â � ¤¢ Ý û �¤ ö¢� � ö� Æ Ø þý� � ã õ ,ýÂ þÁ �� ÷� � � Þ �Â ê .¢� ªü õ ù¢�¢,Hý� û¤�¢Â �ùÄ þø° Æ �Â � ¢� ªü õ �¤ Hý� û¤�¢Â �ùÄ þø Å � .Hi(pi, qi) = H(pi, qi) Â Ï� ¡:´ª�÷ Hiua(i) = ǫaua(i)

ψa1,···,aN
(i1, i2, · · · , iN ) = Q

(

ua1(i1), ua2(i2), · · · , uaN
(iN )

)

, (19.5)
Ea1,a2,···,aN

=
N
∑

i=1 ǫai . (20.5)´¨¢ �� ¢�ªüõ ýÂþÁ��÷���Þ�¯Âª ¥� �¤ Q .´¨� ý��ÜÞ� À�� ×þý��ãõ �� (19.5)ý�ó¢�ãõ ¤¢ Qü�ãþ Àª�� °��Â�ÂðÛÞä P À��î Âê .¢¤ø�
Pψa1,···,aN

(i1, i2, · · · , iN ) = ψa1,···,aN
(iP1 , iP2 , · · · , iPN

). (21.5)
�î À�îüõ ��¹þ� ýÂþÁ��÷Â��Þ� À÷�ªüõ ù¢�¢ |ψ|2 �� �ûÂþÁ�ùÀû�Èõ ö��

|Pψ|2 = |ψ|2 . (22.5)× þ Q Å � .Pψ = ±ψ � î ¢� ªü õ � ¹ � µ ÷ (22.5)ý� ó¢� ã õ ¥� Å � .P2 = 1 ùø� ä � �(Slater)Â��¨ ö���õÂ�¢ �� ¢�ª üõ �¤ ö¤�Öµõ¢����õâ��� .´¨� ö¤�Öµõ¢�� �þ ö¤�Öµõý��ÜÞ�À��16



:¢�¢ Çþ�Þ÷
ψA

a1,···,aN
= const.

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

ua1(1) ua1(2) · · · ua1(N)

ua2(1) ua2(2) · · · ua2(N)... ... · · ·
...

uaN
(1) uaN

(2) · · · uaN
(N)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

(23.5)
ψS ø ψA ß�÷�õ�µÜ�°Æ� Â� .À�õ�÷üõ ß�d÷�õ�µÜ�e �¤ ψBoltz = ua1(1)ua2(2) · · · uaN

(N)��õâ���:¢Âî ÓþÂã� �¤�¬ ßþ� �� ¢�ªüõ �¤ (ö¤�Öµõ��õâ���)
ψS = const.

∑

P

PψBoltz ,

ψA = const.
∑

P

(−1)[P ]PψBoltz , (24.5)
ψA ø �ûöø¥�� Ó�¬��ý�Â� ψS .(−1)[P ] = ±1 Àª�� ¢Âê �þ �ø¥ P �î ö�°Æ� Â� �î ö� ¤¢ �î:´¨� ¤�ð¥�¨ üóø��¢ÂÏÛ¬� �� ψAÓþÂã� �î Àþ¢ ¢�ªüõ .¢ø¤üõ ¤�î �� �ûö��õÂê Ó�¬��ý�Â�

ψA
a1,···,aN

= 0, ai = aj . (25.5)
�±ã� ¤¢ ¢�¥� ýù¤£ ¥�ð 4-5�� V Ý¹� �� ý��±ã� ¤¢ ¢�¥� ýù¤£¥�ðü÷�µÜ�õ�û

H =
h̄22mK2, K2 =

N
∑

i=1~k2i , (26.5)ß�÷�õ�µÜ� .(À�µÆû üÔ�õ�÷¼�½¬¢�Àä� ~n¤�¢Â�ý�û�Ôó�b õ) ~k = 2πV −1/3~n ö� ¤¢ �î ¢�ªüõ ù¢�¢ý�Î��¤ �� u~k
(~r) = V −1/2 exp {i~k.~r} ù¤£ ×�ýùÀª ¤�¹�ú���õâ���°Æ� Â�

ψBoltz = u~k1(1)u~k2(2) · · · u~kN
(N), (27.5)17



°� �Â � ß þ� � � .Ý þ�ù¢Â î ù¢� Ô µ ¨� u~ki
(~ri)ý� � � � u~ki

(i)¢� Þ ÷ ¥� ü ðù¢� ¨ý�Â � � î ¢� ªü õ ù¢�¢�� ù�Úµ¨¢��õâ���
ψK(1, · · · , N) = (N !)−1/2∑

P

δPPψBoltz , (28.5)¤¢ �î ´¨� δP = (±1)[P ] ß���Ýû .´¨� ©¤�¹�ú�°þÂ® (N !)−1/2°þÂ® ö� ¤¢ �î ¢�ªüõ ù¢�¢.´¨� �ûö��õÂêý�Â� −´õ�ä ø �ûöø¥��ý�Â� +´õ�ä ö�:¢�ªüõ ù¢�¢ Âþ¥�¤�¬ �� eβHüÆþÂ��õÇþ�Þ÷
〈1, · · · , N |e−βH|1′, · · · , N ′

〉

=
1
N !

∑

~k1,~k2,···,~kN

e−
βh̄2K22m

N !









∑

P

δP

N
∏

i=1u~ki
(Pi)









∑

P ′

δP ′

N
∏

i=1u∗~ki
(P ′

i )







 , (29.5)¤¢ ~kiý�� �� ~kP̃i ý¤�Áðý�� �î Àþ�üõ �� ö� ¥� ����¤�±ä ¤¢ (N !)−1©¤�¹�ú�°þÂ® ß�µÆ¿÷.´¨� �¢¤ø�÷ üÜÞä ß���´½� |ψ|2 �¹�µ÷ ¤¢ ø ´¨� δP̃ψ �� ψý¤�Áðý��ñ¢�ãõ (27.5)ý�ó¢�ãõ�î �� ö� ¥�
∑

P

δP

N
∏

i=1u~ki
(Pi) =

∑

P

δP

N
∏

i=1u~kPi
(i), (30.5):´ª�÷ Ýû �¤�¬ ßþ� �� ¢�ªüõ �¤ ���ý�Î��¤

〈1, · · · , N |e−βH|1′, · · · , N ′
〉

= (N !)−2∑
K

e−
βh̄2K22m









∑

P

δP

N
∏

i=1u~ki
(Pi)









∑

P̃

δP̃

N
∏

i=1u∗~kP̃i

(i′)







 . (31.5)�� ψý¤�Áðý�� �� (28.5)ý�ó¢�ãõ ¤¢ ~kiý�� �� ~kP̃i ý¤�Áðý�� �î �µØ÷ ßþ� ¥� ù¢�Ôµ¨� �� ù¤��ø¢�î Àþ¢ ¢�ªüõ ,ÛþÀ±� ßþ�´½� Kýø¤âÞ�üþ�¢¤ø�÷ �� ���� �� ø ´¨� ñ¢�ãõ ´¨� δP̃ψ
〈1, · · · , N |e−βH|1′, · · · , N ′

〉

=
1

(N !)2 ∑
K

e−
βh̄2K22m

∑

P̃



δP̃





∑

P

δP

N
∏

i=1u~ki
(Pi)



 u∗~kP̃1 (1′)u∗~kP̃2 (2′) · · · u∗~kP̃N

(N ′)
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=
1

(N !)2 ∑
K

e−
βh̄2K22m

∑

P̃









∑

P

δP

N
∏

i=1u~kP̃i

(Pi)



u∗~kP̃1 (1′)u∗~kP̃2 (2′) · · · u∗~kP̃N

(N ′)





=
1
N !

∑

K

e−
βh̄2K22m





∑

P

δP

N
∏

i=1uki
(Pi)u

∗
ki

(i′)



 . (32.5)°þÂÖ� ¥� ù¢�Ôµ¨� �� ´¨� Âµú� ö�´�Þû�öÀþ¢ý�Â� .´¨� Ýúõ ¤��Æ� �Î��¤ ßþ�
∑

k

→
V

(2π)3 ∫ d3k, (33.5)�î Àþ¢ ¢�ªüõ �±¨�½õ üÞî �� .Ý��î ��Æ� �¤ ´�Þî ßþ�
〈1, · · · , N |e−βH|1′, · · · , N ′

〉

=
1

N !λ3N

∑

P

δP

N
∏

i=1 f(~rPi −
~r′i), (34.5),Ýþ¤�¢ ÂÎìýø¤ .´¨� üþ�õÂðß�Ú÷��õ��õñ�Ï λ = h̄

(2πβ
m

) ø f(z) = exp
(

−z2/λ2) ö� ¤¢ �î
〈

~r1, ~r2, · · · , ~rN |e−βH|~r1, ~r2, · · · , ~rN〉 =
1

N !λ3N

∑

P

δP

N
∏

i=1 f(~rPi − ~ri). (35.5):¢Âî ¥�� �¤�¬ ßþ� �� ¢�ªüõ �¤ ���âÞ� f(0) = 1 �î �� ö� ¥�
∑

P

= 1±
∑

i<j

fijfji +
∑

i<j<k

fijfjkfki ± · · · . (36.5)� � × � ¨� î©¤� �â �� � �� �â Þ � ¤¢ � Ü Þ � ß � óø� .´ ¨� fij = f(~ri − ~rj) ö� ¤¢ � î(correlation) üÚµÆ�Ýû �� �î À�µÆû üÞµ÷��î �f õ�î ÂÚþ¢��Þ� .Àû¢üõ �¤ (N !)−1Å±�ð°þÂ®ü¨�ðâ��� ×þ f �î ÝþÀþ¢ .¢¤�À÷ ¢��ø ��¤£ß�� üÈ�îÝûÂ� �î Ý�îüõ ý¤ø�¢�þ .À÷�ªüõ Â�±ã�
ℓ = (V/N)1/3 �î Àª�� ¢�þ¥ ö���ö� �õ¢ �þ Àª�� Õ�ì¤ ¥�ð Âð� Å� .Àû¢üõ λ �¤ Çþ��ú� �î ´¨�Âû�Ò üÞµ÷��î¤��� fij ≃ 0 ü��¡°þÂÖ� �� ö�� À�î ù¢¤ø�Â� �¤ λ ≪ ℓ¯Âª ��¤£üä�÷ý�Ü¬�ê:¢�� Àû��¡ Â��Â� ö�×�¨�î¤�ÀÖõ �� ©¤��â��� �¹�µ÷ ¤¢ ø Àª À�û��¿÷

Q = Tre−βH ≃
1
N !

(

V

λ3)N

. (37.5)
19



üÞ�� ø¢ ¥�ð 1-4-5üÞ�� ø¢¥�ð ¤¢
〈

~rq, ~r2|e−βH|~rq, ~r2〉 =
12λ6 (1± exp(−2π~r212/λ2)

)

. (38.5)×þ � � ×�¨�î�¤�¬ � � ö�� � üõ �¤ � ÜÞ� ßþ� .´¨� üÚµÆ �Ýûý�ÜÞ� ö�Þû �ø¢ý�ÜÞ�:¢�¢ üÈ�îÝûÂ�Û�Æ÷�µ�
vs(~r) = −kT ln[1± exp(−2π~r212/λ2)], (39.5).´¨� �ûö��õÂêý�Â� ÀþÀª ¤��Æ�ý�ãê�¢ ø �ûöø¥��ý�Â� ��£��¥ ¤� Ýû Û�Æ÷�µ� ßþ� �î Ý����üõ

20



6 ÛÊê
ù¢�¨ ý�û¥�ð ý�þÂÑ÷ üÞµ÷��î ¤�õ�

üÞµ÷��î ×�÷�÷�îøÂØ�õ ¢ÂÚ�û ¤¢ ñ�ùÀþ� ¥�ð 1-6�õ  éÀû .ÀþÂ�Ú� ÂÑ÷ ¤¢ E  ý�Â÷� ø V  Ý¹�¤¢ ÂþÁ��÷��Þ�  Ç�îÝûÂ�ü�  ýù¤£ N Ûõ�ª ý¥�ðÂð� .´¨� (N,V,E)  ´ó��øÂî�õ  Â�Ñ÷  ý�û´ó��øÂØ�õ  ¢�Àã� ü�ãþ Ω(N,V,E)  ö¢Âî �À��.À�µÆû ù¢ÂÈêÝû¤¢ ù¤£ ×�  ý�Â÷�  ý�û¥�Â� ù�ðö� (?�� �� �Æþ�Öõ ¤¢) Àª�� ¢�þ¥ V éÂÒ  Ý¹�.Ý��î ýÀ���µ¨¢ �µ¡�þ ý¢�þ¥  ¢�Àã� ¤¢ �¤ ý�Â÷�  ý�û¥�Â� ´¨� Âµú� ù�Úµ¨¢  Ó�¬��  ý�Â� Å� âþ¥�� ×þ .¢�ªüõ ù¢�¢ ǫi �� �ûö�  ý�Â÷�  ß�Ú÷��õ �î ´¨� ý�Â÷�  ¥�Â� gi ≫ 0  Ûõ�ª �µ¡�þ Âûßþ� �� .À÷¤�¢ ¤�Âì ��ei  ý�µ¡�þ ¤¢ ù¤£ ni �î ´¨� ��ãõ ßþ� �� �î ¢�ªüõ ù¢�¢ {ni} �� ��¤£ ¥� �÷�Þ÷°��Â�
Ω(N,V,E) =

∑

{ni}

W ({ni}), (1.6):´¨� {ni}  âþ¥��  Â�Ñ÷  �þ�Þµõ  ý�û´ó��øÂØ�õ¢�Àã� W ({ni}) ö� ¤¢ �î
W ({ni}) =

∏

i

w(i), (2.6)21



 ýø¤ Â� âÞ� (1.6)  ý�ó¢�ãõ ¤¢ .´¨� ��ei  ý �µ¡�þ  �þ�Þµõ  ý�û´ó��øÂØ�õ¢�Àã� w(i) �î:À÷¥�¨ ù¢¤ø�Â� �¤ Âþ¥  Íþ�Âª �î ´¨� ßØÞõ  {ni}  ý�ûâþ¥��  ��Þ�
∑

i

ni = N,

∑

i

niǫi = E. (3.6)�¤ ÂþÁ��÷��Þ�  ö�ÆØþ  ýù¤£ ni ¢�ªüõ �î ´¨� ý�þ�Þµõ  ý�ûù�¤  ¢�Àã� w(ni) ,�ûöø¥��  ¢¤�õ ¤¢:¢�ú÷ ù�ðý�� gi ¤¢
wBE(i) =

(ni + gi − 1)!

ni!(gi − 1)!
. (4.6) ý�ûù�¤  ¢�Àã � w(i) ¢�ªüõ ñ�çª� ö��õÂê ×þ  Í¨�� ù�ðý�� Âû ö�� �ûö��õÂê  ¢¤�õ ¤¢ ø:¢Âî Ý�ÆÖ� üþ��(gi − ni) ø üþ��(ni)  ý�µ¨¢ ø¢ �� �¤ ù�ðý�� gi ¢�ªüõ �î ´¨� ý�þ�Þµõ

wFD(i) =
gi!

ni!(gi − ni)!
. (5.6) ¢�Àã� w(i) (ö�õ�µ ó� �-ñ�Æî�õ  ¤�õ�) À�µÆû ÂþÁ����Þ� ��¤£ ö� ¤¢ �î ×�¨�î  ¥�ð  ý�Â�.w(i) = gni

i Å� ¢�ú÷ ù�ðý�� gi ¤¢ �¤ ÂþÁ���Þ�  ö�ÆØþ  ýù¤£ ni ¢�ªüõ �î ´¨� ý�þ�Þµõ  ý�ûù�¤ ö¥ø Àþ�� W ({ni})  ý�±¨�½õ ¤¢ .¢Âî ��¬� Ýû �¤ (2.6)  ý�Î��¤ Àþ�� �� ßþ� ¤¢ �õ�
N !

n1!n2! · · ·¢¤�ø Ýû �¤ Å±�ð  ü��¬�  °þÂ® ø Àþ� Ç�� {ni}  âþ¥�� �î ´¨� ü��ãê¢  ¢�Àã�  ÂÚ÷��� �î,Å� .¢Âî
WMB({ni}) =

∏

i

gni
i

ni!
. (6.6) ý�Î��¤ �� ü�øÂµ÷�

S = k ln Ω(N,V,E) = k ln
∑

{ni}

W ({ni})22



�î Ý�÷¥üõ °þÂÖ� �¤�¬ ßþ� �� �¤ �Î��¤ ßþ� �� ßþ� ¤¢ �õ .¢�ªüõ ù¢�¢
S ≃ k lnW ({n∗i }), (7.6)üðù¢�¨ �� .À�îüõ ���È�� (3.6)  ¢��ì  �Ô� �� �¤ lnW ({ni})  â��� �î ´¨� üãþ¥�� {n∗i } �î�î Àþ¢ ¢�ªüõ
n∗i
gi

=
1

a+ eα+βǫi
, (8.6)(3.6)  ý�Î��¤ ¤¢ �ø¢ ø ñø�  ¢��ì  Â�Ñ÷ Ä÷�Âð�  ß��ãõ�÷  °þ�Â® °��Â� �� β ø α ö� ¤¢ �îø a = +1 �ûö��õÂêý�Â� ,a = −1 �ûöø¥��  ý�Â� :Àû¢üõ �¤ ù�Úµ¨¢  ¤�õ� Ýû a  ý�þ�õÂ� .´¨�.´¨� a = 0 ö�õ�µó��-ñ�Æî�õ  ��¤£  ý�Â�¥� üã��� ¢Â�ðüõ ¤�Âì ý�Â÷�  ¥�Â� Âû ¤¢ �î ý�ù¤£ ¢�Àã� ßþÂ�ÛÞµ½õ Àþ�ðüõ (8.6)  ý�Î��¤ ý�Î��¤ ¥� ù¢�Ôµ¨� �� .´¨� ÛÖµÆõ �û¥�Â�  ýÀ���µ¡�þ  üÚ÷�Ú� ¥� ø ´¨� ¥�Â� ö�  ý�Â÷�

lnW ({ni}) =
∑

i

lnw(ni)

≃
∑

i

[

ni ln

(

gi

ni
− a

)

−
gi

a
ln

(1− a
ni

gi

)]

, (9.6)�î ¢�¢ ö�È÷ ¢�ªüõ (3.6)  ¢��ì ø1
a

∑

i

gi ln
(1+ ae−α−βǫi

)

=
S

k
− αN − βE. (10.6) ý¤�Áðý�� ��

α = −
µ

kT
, β =

1
kT

, ý�Î��¤  ý¤ø�¢�þ �� ø (10.6)  ý�Î��¤ ¤¢
TS + µN − E = PV23



�î Ý����üõ
PV =

kT

a

∑

i

gi ln
(1+ ae−α−βǫi

)

. (11.6):´ª�¢ Ý�û��¡ (a→ 0) ö�õ�µó��-ñ�Æî�õ  ¥�ð  ý�Â�
PV = kT

∑

i

gie
−α−βǫi = kT

∑

i

n∗i = NKT. (12.6)
×�÷�÷�î À÷�Âð ø ×�÷�÷�î üÞµ÷��î ý�û¢ÂÚ�û ¤¢ ñ�ùÀþ� ¥�ð 2-6,¢�ªüõ ù¢�¢  ©¤��  â��� �� ù�Úµ¨¢ ×þ  ×�õ��þ¢�õÂ� ×�÷�÷�î  ¢ÂÚ�û ¤¢

QN (V, T ) =
∑

E

e−βE , (13.6)ý�û¤�ÀÖõ ùÄþø .β = (KT )−1 ø ´¨� ù�Úµ¨¢  ý�Â÷�  ý�û¤�ÀÖõùÄþø E  ýø¤ âÞ� �� ßþ� ¤¢ �î:´ª�÷ ¥�Â� ö�  ñ�çª�  ¢Àä nǫ ø ù¤£ ×�  ý�Â÷�  ¤�ÀÖõùÄþø ǫ  °Æ� Â� ö���üõ �¤ ý�Â÷�
E =

∑

ǫ

nǫǫ, (14.6)
∑

ǫ

nǫ = N. (15.6):´ª�÷ �¤�¬ ßþ� �� ö���üõ �¤ ©¤��  â���
QN (V, T ) =

∑

{nǫ}

g{nǫ}e
−β
∑

ǫ
nǫǫ, (16.6):´¨� {nǫ}  âþ¥��  Â�Ñ÷  ý¤�õ�  ö¥ø  â��� g{nǫ} �î

gBE{nǫ} = 1, (17.6)
gFD{nǫ} =











1 À�ª�� ×þ �þ ÂÔ¬ �û nǫ ý�Þû Âð�0 Àª�� ×þ ¥� Âµð¤�� nǫ ×þ Ýî ´¨¢ Âð� (18.6)
gMB{nǫ} =

∏

i

1
nǫ!

. (19.6)24



�¤ ���  ��¤�±ä âì�ø ¤¢ ø Ýþ�ù¢ÂØ÷ ýÀ���µ¡�þ �¤ ý�Â÷�  ý�û¥�Â� ÂÚþ¢ �õ �� ßþ� ¤¢ �î ¢Âî ���� Àþ��.¢¤ø� ´¨¢ �� (6.6)-(4.6)  Í��ø ¤ ¤¢ gi = 1  ý¤�Áðý�� ¢�ªüõ�� ���� �� ø (16.6) ¤¢ (19.6)  ý�ó¢�ãõ  ý¤�Áðý�� ¥� ö�õ�µó��-ñ�Æî�õ  ¥�ð  ¢¤�õ ¤¢,Ýþ¤�¢ (15.6)  ¯Âª
QN (V, T ) =

1
N !

∑

{nǫ}

[(

∏

ǫ

1
nǫ!

)(

∏

ǫ

(e−βǫ)nǫ

)]

=
1
N !

[

∑

ǫ

e−βǫ

]N

. (20.6)©¤��  â���  ý�±¨�½õ ü÷ø¥�� ø ü÷��õÂê  ý�û¥�ð  ¢¤�õ ¤¢
QN (V, T ) =

∑

{nǫ}

(

e−β
∑

ǫ
nǫǫ
)

, (21.6)�¤ L ï¤��  ©¤��  â�� � �î ´¨� Â�ö�¨� �� ßþ� ¤¢ .´¨� ý¤��ª¢  ¤�î (15.6)  À�ì  ÂÏ�¡ ���µª�¢Â� �f Þä (15.6)  À�ì N  ýø¤  âÞ�  ý�Î¨�ø �� L  ý�±¨�½õ ¤¢ �î �Â� Ý��î ��Æ�:¢�ªüõ
L(z, V, T ) =

∑

N

zNQN

=
∑

n0,n1,···

[

(ze−βǫ0)n0(ze−βǫ1)n1 · · ·]
=





∑

n0 (ze−βǫ0)n0∑
n1 (ze−βǫ1)n1 · · · . (22.6):Å� .ni = 0,1,2, · · · ü÷ø¥��  ¥�ð  ¢¤�õ ¤¢ �õ� ni = 0,1 ü÷��õÂê  ¥�ð  ¢¤�õ ¤¢

L(z, V, T ) =











∏

ǫ
1

(1−ze−βǫ)
ü÷ø¥�� ¥�ð

∏

ǫ(1+ ze−βǫ) ü÷��õÂê ¥�ð (23.6)ø z = e−α  Âê �� .¢�ªüõ ù¢�¢ ï¤��  ©¤��  â��� Ýµþ¤�Úó �� q = PV/kT  Û�Æ÷�µ� Ý�÷�¢üõ: ´ª�÷ ¢�ªüõ α = −µ/kT  üã�±Ï��¿µ÷�
q(z, V, T ) =

PV

kT
=
1
a

∑

ǫ

ln(1+ aze−βǫ), (24.6)25



�¹�µ÷ ßþÂ�Ýúõ .a = −1,+1,0°��Â� �� ö�õ�µó��-ñ�Æî�õ  ¥�ð ø �ûö��õÂê ,�ûöø¥��  ý�Â� �î:Àþ� ´¨¢ �� nǫ  Í¨�µõ  ý�±¨�½õ �� Àþ�ª �� ßþ� ¤¢
〈nǫ〉 =

1
L

[

−
1
β

(

∂L

∂ǫ

)

]

=
1

z−1eβǫ + a
, (25.6).Ýþ¢¤ø� ´¨¢ �� n∗ǫ ü�ãþ ¤�ÀÖõ ßþÂ�ÛÞµ½õ  ý�Â� �î ´¨� ý¤�ÀÖõ ö�Þû �î
ñ�çª� ý�û¢Àä ¤�õ� 3-6ü÷��õÂê ,ü÷ø¥��  ¤�õ� �¨ ¤¢ �¤ ǫ  ý�Â÷� �� ý¥�Â�  ý�Â� ß�Ú÷��õ  ñ�çª�  ¢Àä (25.6)  ý�Î��¤ ß�� ý¤�ÀÖõ ù¤��Þû Í¨�µõ  ñ�çª�  ¢Àä �î Ý����üõ �ûö��õÂê  ¢¤�õ ¤¢ .Àû¢üõ �¤ üó�Æî�õ øÝ����üõ �ûöø¥��  ¢¤�õ ¤¢ �õ� .À�î ¤��µ¡� �¤ ý¤�ÀÖõ Âû À÷���üõ Ýû µ ø À�îüõ ¤��µ¡� �¤ ×þ ø ÂÔ¬�î Àþ¢ ¢�ªüõ âì�ø ¤¢ .Àª�� Â�×��î ǫ  Âþ¢�Öõ  ý�Þû ¥� Àþ�� µ �î

lim
µ→ǫ0 〈n0〉 → ∞.Âð� �î ´¨� ßþ� ÂÚþ¢  Ýúõ  ýùÀû�Èõ .À�þ�ðüõ ß�µÈ�þ�-¥��  Çó�Ú� ùÀþÀ� ßþ� ��

exp{(ǫ− µ)/kT} ≫ 1 ñ�çª�  ¢Àä  ¤�ÀÖõ ¤¢ ÓÜµ¿õ  ý�û¤�õ�  ß��  �ø�Ô� �� ßþ� ¤¢ ùø�ä �� .〈nǫ〉 ≪ 1 ù�ð ö� ¸þ�µ÷ �� üÞµ÷��î  ��±¨�½õ ���  ý�û�õ¢ ¤¢ �î Ý�÷�¢üõ ÂÚþ¢  éÂÏ ¥� .¢�ªüÞ÷ ùÀþ¢ Í¨�µõ ¯Âª ¤¢ Àþ�� ù�Úµ¨¢  üþ��Þ�ª  Û�Æ÷�µ� �î ¢�ªüõ �¹�µ÷ �� ßþ� ¥� .À÷�ªüõ Â¹�õ ×�¨�î ÏÂª  ¥ ¤�Ýû ¯Âª ßþ� �î À�û¢ ö�È÷ .À�î ëÀ¬ −µ≫ 1
Nλ3
V

≪ 126



.´¨� üþ�õÂð  ß�Ú÷��õ  ��õ  ñ�Ï λ �î ´¨� ý�Î��¤  ×Þî �� ¢�ªüõ �¤ Ç��Ú÷��õ  ¤�ÀÖõ  ñ�� nǫ  ý�û��¡ ø ´ê�
〈

n2ǫ 〉 =
1
L





(

−
1
β

∂

∂ǫ

)2
L



 , (26.6):¢Âî ��Æ� (25.6)  ý�Î��¤ ø
〈

(nǫ − 〈nǫ〉)
2〉

〈nǫ〉
2 =

(1
β

∂

∂ǫ

) 1
〈nǫ〉

=
1

〈nǫ〉
− a. (27.6)�ûö��õÂê  ý�Â� �î Ý����üõ

lim
〈nǫ〉→1(∆nǫ

〈nǫ〉

)

FD

→ 0. �ûöø¥��  ý�Â� ø
(

∆nǫ

〈nǫ〉

)

BE

> 1Ýþ¤�¢ 〈nǫ〉FD = 〈nǫ〉MB = 〈nǫ〉BE  Âê �� ß���Ýû .
(∆nǫ)FD < (∆nǫ)MB < (∆nǫ)BE . (28.6)�ûö��õÂê  ý�Â� .Ý��î �±¨�½õ �¤ ǫ  ¥�Â� ¤¢ ù¤£ n  ßµêÂð ¤�Âì  ñ�Þµ�� pǫ(n) ´¨� ��¡  ö�þ�� ¤¢Ýþ¤�¢

〈nǫ〉 =
1
∑

n=0npǫ(n) = pǫ(1). (29.6)Å�
pǫ(0) = 1− 〈nǫ〉 , pǫ(1) = 〈nǫ〉 . (30.6) ý�Î��¤  ý�Æþ�Öõ �� ø (22.6)  ý�Î��¤ �� ���� �� �ûöø¥��  ¢¤�õ ¤¢

〈nǫ〉 =

[

−
1
β

(

∂ lnL

∂ǫ

)

]

, (31.6)27



,Àþ�üõ Â� pǫ(n)  ÓþÂã� ¥� �î �� ö� ��
〈nǫ〉 =

∞
∑

n=0npǫ(n) (32.6):´ª�¢ Ý�û��¡ ©¤�¹�ú� ¥� Å� .´¨� °¨��µõ (ze−βǫ)n �� pǫ(n) �î Ý����üõ
pǫ(n) = (zeβǫ)n[1− ze−βǫ] =

〈nǫ〉
n

(1+ 〈nǫ〉)n+1 . (33.6)�î Àþ¢ ¢�ªüõ (20.6)  ý�ó¢�ãõ  ×Þî �� üó�Æî�õ  ��¤£  ¢¤�õ ¤¢
pǫ(n) =

〈nǫ〉
n

n!
e−〈nǫ〉. ¢¤�õ ¤¢ ´±Æ÷ ßþ� �Ø�ó�� ¤¢ ´¨� üµ�� �  ¤�ÀÖõ pǫ(n)/pǫ(n − 1)  ´±Æ÷ �ûöø¥��  ¢¤�õ ¤¢ ��¤£ ¥� Ç�� �ûöø¥�� �î ¢�ªüõ �¹�µ÷ �� ßþ� ¥� .À��þüõ Çû�î 1/n  ´±Æ÷ �� ñ�Æî�õ  ¤�õ�.À÷¤�¢ �¤ ¥�Â� ×þ ¤¢ ßµêÂð ¤�Âì �� Û�õ ×�¨�î:¢¤ø� ´¨¢ �� (24.6)  ý�ó¢�ãõ  ×Þî �� ¢�ªüõ �¤ ¥�ð ×þ ¤�Èê

P =
kT

a

∫ ∞0 ln[1+ aze−βǫ(p)]
4πp2dp
h3

=
4π3h3 ∫ ∞0 1

z−1eβǫ(p) + a

(

p
dǫ

dp

)

p2dp, (34.6):Ýþ¤�¢ ß���Ýû .Àª�� �÷�Ø� ¥� ý¢�ã¬  â��� ×þ ǫ Ýþ�ù¢Âî Âê �� ßþ� ¤¢ �î
N =

∫

〈np〉
V d3p
h3 =

∫ ∞0 1
z−1eβǫ(p) + a

4πV p2dp
h3 . (35.6)�î Ý�¨¤üõ �¹�µ÷ ßþ� �� ���  ý�Î��¤ ø¢  ý�Æþ�Öõ ��

P =
13NV 〈

p
dǫ

dp

〉

=
13n 〈pu〉 , (36.6) ö� ÷� ì � � �� �  ý�Î��¤ ǫ = ps  Âê � � .´¨� ù¤£ ×þ  ´äÂ¨ u ø ¥�ð  ��¤£  üó�Ú� n �î:¢�ªüõ Â¹�õ �û¥�ð  üõ�Þä

PV =
s3E..´¨� ¤�ÂìÂ� ¤�õ� �¨ Âû  ý�Â� Å� ´¨� ÛÖµÆõ a ¥� �¹�µ÷ ßþ� �î Ý����üõ28



7 ÛÊê
ü÷ø¥�� ñ�ùÀþ� ¥�ð

 ÝÆ�  Ç��� ,ß�µÈ�þ�-¥��  Çó�Ú� .Ýþ¥�¢Â�üõ ü÷ø¥��  ñ�ùÀþ�  ¥�ð  ý�ãó�Îõ �� ÛÊê ßþ� ¤¢.À�µÆû Ç¿� ßþ�  ��ä�®�õ ¤�Ü�  ý�Ø±ª  ��ª�ã�¤� ø ù��¨ü÷ø¥�� ñ�ùÀþ� ¥�ð ×�õ��þ¢�õÂ� 1-7ü÷ø¥��  ñ�ùÀþ�  ¥�ð  ý�Â� �î ÝþÀþ¢ Çª  ÛÊê ¤¢
PV

kT
= lnL = −

∑

ǫ

ln(1− ze−βǫ), (1.7)
N =

∑

ǫ

〈nǫ〉 =
∑

ǫ

1
z−1eβǫ − 1 , (2.7)

ǫ(~p) ù¤£ ×�  ý�Â÷�  Ó�Ï ¢� þ¥  Ý¹� �� üû�Úµ¨¢  ý�Â� .z = exp(µ/kT ) ø β = 1/kT �î.¢Âî ý¤�Áðý�� ñ�ÂÚµ÷� �� �¤ ���  Í��ø ¤  ´¨�¤  ´Þ¨  âÞ� ¢�ªüõ �¹�µ÷ ¤¢ ø ´¨� �µ¨��� �f±þÂÖ�üµ�±Æ÷  Â�è  ¥�ð  ý�Â� ý¤�Áðý�� ßþ� ¤¢ ýÂ�ðñ�ÂÚµ÷� 1ö���õ
a(ǫ)dǫ =

2πV
h3 (2m)3/2ǫ1/2dǫ, (3.7)

measure 129



�þ��  ¥�Â� ý¤�Áðý�� ßþ� a(0) = 0 �î �� ö� ¥� .¢Âî Â�±ã� �û¥�Â�  üó�Ú� �� �¤ a(ǫ) ¢�ªüõ �î ´¨�Ýþ¤�¢ V → ∞  À� ¤¢ Å� .¢¤ø� ��Æ� �� �÷�ð�À� �¤ ö� Àþ�� ø ¢Â�ðüÞ÷ Â�¤¢ �¤ ǫ = 0  ý�Â÷� ��
P

kT
= −

2π
h3 (2m)3/2 ∫ ∞0 ǫ1/2 ln(1− ze−βǫ)dǫ−

1
V

ln(1− z), (4.7)
N

V
=

2π
h3 (2m)3/2 ∫ ∞0 ǫ1/2

z−1eβǫ − 1 +
1
V

z1− z
. (5.7)�Â� À�ª� �ÝÈ� (4.7)  ý�ó¢�ãõ  ´¨�¤  ´Þ¨ ¤¢ �ø¢  ý�ÜÞ� ¥� ¢�ªüõ N → ∞  À� ¤¢ö�� âì�ø ¤¢ .¢�ªüõ Ýúõ ß�µÈ� þ�-¥� �  Çó�Ú� ¤¢ ü�ã þ z → 1  À� ¤¢ �ú� � �ÜÞ� ßþ� �îÀ� ßþ� ¤¢ �¹�µ÷ ¤¢ ,´¨� N  ý�±�Âõ ¥� ï¤�� ý¢Àä N0 ,z → 1  À� ¤¢ ø z/(1 − z) = N0�î ¢�� Àû��¡ (N−1 lnN) → 0  ý�±�Âõ ¥� �fµþ�ú÷ V −1 ln(1− z)  ý�ÜÞ� Å� .ln(1− z) ∼ lnNÝþ¤�¢ ,ýÂ�ðñ�ÂÚµ÷� ¥� Å� ,V → ∞ ø N → ∞  À� ¤¢ Å� .À�îüõ Û�õ ÂÔ¬ �� N → ∞  À� ¤¢

P

kT
=

1
λ3 g5/2(z), (6.7)

N −N0
V

=
1
λ3 g3/2(z), (7.7)ø λ = h/(2πmkT )1/2 �î

gn(z) =
1

Γ(n)

∫ ∞0 xn−1
z−1ex − 1dx. (8.7) ý�Î��¤ ¥� ù¢�Ôµ¨� ��

U = −

(

∂

∂β
lnL

)

z,V

= kT2 { ∂

∂T

(

PV

kT

)}

z,V

= kT2V g5/2(z)
d

dT

1
λ3 =

3/2
k

T
V

λ3 g5/2(z), (9.7):À�îüõ ëÀ¬ Âþ¥  ¢�½�� ¤¢ ,üÜ¡�¢  ý�Â÷� ,U �î Àþ¢ ¢�ªüõ
P =

23(U/V ). (10.7)30



�¤ z (7.7) ø (6.7)  Í��ø ¤ ¤¢ Àþ�� ü÷ø¥��  ñ�ùÀþ�  ¥�ð  ´ó��  ý�ó¢�ãõ  ö¢¤ø� ´¨¢ ��  ý�Â� ÍÆ� ¥� ù¢�Ôµ¨� �� ×��î  ý�û z  ý�Â� .¢Âî éÁ�
gn(z) =

∞
∑

l=0 zl

lnÝþ¤�¢ (7.7)  ý�Î��¤ ¤¢ N  Â��Â� ¤¢ N0 = z/(1− z) ¥� üª��ÝÈ� �� ø
PV

NkT
=

∞
∑

l=0 al

(

λ3
v

)l−1
, (11.7)ø ´¨� ¥�ð  üó�Ú� n �î v = 1/n �� ßþ� ¤¢ �î

a1 = 1,
a2 = −0.1267,
a3 = −0.0033. (12.7)?¢¤�¢ üþ��ãõ �� a2, a3 < 0 �î ßþ� :Ç¨Â�:¢�ªüõ ù¢�¢ Âþ¥  ý�Î��¤ �� Ýû ¥�ð üþ�õÂð  ´�êÂÒ

CV

Nk
=

1
Nk

(

∂U

∂T

)

N,V
=
32 { ∂

∂T

(

PV

Nk

)}

v

=
32 ∞
∑

l=0 5− 3l2 al

(

λ3
v

)l−1
=

32 1+ 0.0884(λ3
v

)

+ 0.0066(λ3
v

)2
+ · · ·



 . (13.7)
ß�µÈ�þ�-¥�� Çó�Ú� â��� ×þ gn(z) ö�� Ý�û¢ Çþ�Þ÷ À÷¤�¢ ¤�Âì �µ¿�Ú÷�Â�  ý�û¥�Â� ¤¢ �î ü��¤£  Ûî  ¢�Àã� Ne �� Âð�,Ýþ¤�¢ (7.7)  ý�Î��¤ ¥� ´¨� gn(1) = ζ(n) ö�  ý��� À� �î ´¨� ý¢�ã¬

Ne ≤
V

λ3 ζ (32) ≃ 2.61 V
λ3 .31



ù�ð ö� N > V
λ3 ζ(32) Âð� . Àþ�üõ ´¨¢ �� (7.7)  ý�ó¢�ãõ ¥� z ø Ne ≃ N ´ó�� ßþ� ¤¢

N0 = N −
V

λ3 ζ (32) , (14.7) ý�Î�� ¤¢ �ø¢  ý�ÜÞ�  ¤�ÀÖõ T → 0 ¤¢ .Àþ�üõ ´¨¢ �� z = N0/(1+N0)  ý�Î��¤ ¥� z ø¥� Â�Ýî  ý�û�õ¢ ¤¢ �î ´¨� ��ãõ ßþ� �� �î À�îüõ Û�õ ÂÔ¬ �� (14.7)
Tc =

h22πmk ( N

V ζ(32)

)2/3
, (15.7).À�þ�ðüõ ß�µÈ�þ�-¥�� Çó�Ú� ùÀþÀ� ßþ� �� �î À÷ø ¤ üõ �þ��  ¥�Â� �� ��¤£ ¥� üú���  Û��ì  ÂÆî´¨¢ �� Âþ¥  �¤�¬ �� (6.7)  ý�Î��¤ ¥� ¥�ð  ¤�Èê �õ¢  ýù¢øÀ½õ ßþ� ¤¢ .z = 1 T < Tc ¤¢:Àþ�üõ

P (T ) =
kT

λ3 ζ (52) ∼ T5/2, T < Tc, (16.7)¥�ð  ¤�Èê T = Tc ¤¢ .´¨� V ø N ¥� ÛÖµÆõ ø
P (Tc) =

ζ(52)

ζ(32)

(

N

V
kTc

)

≃ 0.51N
V
kTc,¥� ¤�È ê T > Tc  ý�Â � .´¨� � õ¢ ö�Þû ¤¢ ×�¨�î  ¥� ð  ¤�È ê  ÓÊ÷ ¥� Ç� � üÞî ßþ� � î.Àþ�üõ ´¨¢ �� (7.7) ø (6.7)  ��¢�ãõ:´ª�¢ Ý�û��¡ CV  ý�Â� �±¨�½õ üÞî ¥� Å�

CV

Nk
=



















































154 ζ(52) v
λ3 , T < Tc,154 ζ(52 )

ζ(32 )
≃ 1.925, T = Tc,154 g5/2(z)

g3/2(z) −
94 g3/2(z)

g1/2(z) , T > Tc.

(17.7)
:´Æ�÷ ¤��Þû �õ� ´¨� �µ¨��� À��Âû �õ¢ ¥� üã���  ö���ä �� CV �î ¢�ªüõ ��Üãõ �� ßþ� ¥�

(

∂CV

∂T

)

T→−Tc

−

(

∂CV

∂T

)

T→+Tc

=
27Nk16πTc

[

ζ

(32)]2 ≃ 3.665Nk
Tc

. (18.7)
32



ø¤¤¢ü� ø �õ¢Ýû ý�û¤�¢�Þ÷ ýùÄ þø  ý�Ê¿È õ  Ý ¹ � ß � µ È � þ�-¥� �  Ç ó� Ú �  ¢�À þø ¤  É¡� ª ´ �� �  ý� õ¢ ¤¢�� ö�  ¤�ÀÖõ ø ´¨� ´��� ¤�Èê v < vc ¤¢ .´¨� vc = λ3/ζ(32)

P0 =
kT

λ3 ζ (52) , ¢� ½ ��  × Þ î � � �¤ ü �øÂ µ ÷� �À µ �� ø ¤ ¤¢ü �  ¤�¢� Þ ÷  ö¢¤ø� ´ ¨¢ � �  ý�Â � .¢� ªü õ ù¢�¢:Ý��îüõ ��Æ� U − TS + PV = Nµ

S

kT
=











52 g5/2(z)

g3/2(z) − ln z, T ≥ Tc,
(

g3/2(z) = λ3/v)52 v
λ3 ζ(52), T ≤ Tc.

(19.7)´��� v/λ3ø¤ ¤¢ü�  À�þ�Âê ¤¢ T < Tc  ý�Â� Å� .´¨� ´��� ü�øÂµ÷� ø ¤ ¤¢ü�  ý�ûÀ�þ�Âê  ý�Â�:´¨�
vT3/2 = const.:´ª�¢ Ý�û��¡ (16.7)  ý�Î��¤ ¥� ù¢�Ôµ¨� ��
Pv5/3 = const. (20.7):Ý��îüõ �±¨�½õ �¤ CV �� CP  ´±Æ÷ γ Â¡� ¤¢

γ =
CP

CV
= 1+

49 CV

Nk

g1/2(z)

g3/2(z)

=
53 g5/2(z)g1/2(z)

g23/2(z) (21.7).¢�� Àû��¡ γ = 53 ,(z → 0) T ≫ Tc  ý�Â� �ú�� �¹�µ÷ ¤¢
33



ù��¨ ÝÆ� Ç��� ×�õ��þ¢�õÂ� 2-7¤¢ �õ .×÷��  ù�ðÀþ¢ ø ß�µÈ�þ�  ù�ðÀþ¢ ,¢¤�¢ ¢��ø ù�ðÀþ¢ ø¢ ù��¨  ÝÆ�  Ó�Ï  Ó�¬��  ý�Â� ý�ó�Æõ ù��¨  ÝÆ�  Ç���  ý�ó�Æõ ß�µÈ�þ�  ù�Ú÷ ¥� .Ýþ¥�¢Â�üõ ß�µÈ�þ�  ñÀõ �� �ú�� �� ßþ� ÂÑ�õ ¥� .´¨� Â þÁ �� ÷ � � �Þ �  ü÷ø¥� �  ýù¤£ ü��ãõ� ÷  ¢�Àã �  Ûõ�ª �î ´¨� ü÷� �� ê ¥�ð ×þ�¹�µ÷ ¤¢ ø µ = 0 üþ��Þ�ª  Û�Æ÷�µ� �î ´¨� ��ãõ ßþ� �� �ûö���ê  ¢�Àã�  ö¢�� ��Üãõ�÷ üØ�õ��þ¢�õÂ�:Ýþ¤�¢ ï¤��  ©¤��  â���  ý�Â� Å� .z = 1
lnL =

PV

kT
= −

∑

ǫ

ln(1− e−ǫ/kT ). (22.7) ¢�Àã�  Í¨�µõ �î ¢¤ø� ´¨¢ �� (25.6)  ý�Î��¤  ×Þî �� ¢�ªüõ �¤ ý�Â÷�  Ó�Ï  âþ¥� �,Àû¢üõ �¤ ǫ  ý�Â÷� �� ý¥�Â� ¤¢ �ûö���ê
〈nǫ〉 =

1
eǫ/kT − 1 , (23.7),Ýþ¤�¢ ´¨� ö���ê  Àõ�Æ� ω �î ǫ = h̄ω  Âê ��

〈ǫω〉 = h̄ω 〈nω〉 =
h̄ω

eh̄ω/kT − 1 . (24.7)� � ´¨� (~p, ~p + d~p)  ýù¥� � ¤¢ �û ö�  ý�÷�Ø � �î üþ�ûö� �� ê  ¢�Àã � V  Ý¹� ¤¢ �î �� ö� ¥� ¢�Àã� ,´¨� ¤�÷  ´äÂ¨ c ö� ¤¢ �î ǫ = pc ö���ê  ý�Â� ö�� ø ¢�ªüõ ù¢�¢ 18d3n = V d3p/h3,¢�ªüõ ù¢�¢ Âþ¥  ý�Î��¤ �� ´¨� âì�ø (ω, ω + dω)  Â�Ñ÷  ýù¥�� ¤¢ �û ö�  ý�Â÷� �î üþ�û¥�Â�
g(ω)dω = 2. V

h3 {4π( h̄ωc )2 ( h̄dωc )

}

=
V ω2dω
π2c3 . (25.7) ý�Â � Ç±Îì  ´ú� ø¢  ¢��ø  ý�Î¨�ø � � �� �  ý�Î��¤ ¤¢ ýø�Æ� ß� óø� ¥� Å� 2  °þÂ®´¨¢ �� �¤�¬ ßþ� �� âþ¥��  â��� (25.7) ø (23.7)  Í��ø ¤ ¥� .´¨� ùÀª �µêÂð ÂÑ÷ ¤¢ �ûö���ê:Àþ�üõ

u(ω)dω =
h̄

π2c3 ω3dω
eh̄ω/kT − 1 , (26.7)34



.Àû¢üõ �¤ ü�Â¹�  ¤�¢�Þ÷ ö�Þû �î�¤ ǫ  ýø¤  âÞ� ¤�î ßþ�  ý�Â� .¢¤ø� ´¨¢ �� L  ýø¤ ¥� ¢�ªüõ �¤ üØ�õ��þ¢�õÂ�  ý�û´�Þî�� ßþ� ¤¢ ýÂ�ðñ�ÂÚµ÷�  ö���õ .Ý�÷¥üõ °þÂÖ� ǫ  ýø¤ ýÂ�ðñ�ÂÚµ÷� ��
a(ǫ)dǫ = 2V 4πp2dp

h3 =
8πV
h3c3 ǫdǫ, (27.7).´¨�

lnL = −
∫

ln(1− e−ǫ/kT )
8πV
h3c3 ǫdǫ

=
8πV3h3c3 (kT )3 ∫ ∞0 x3dx

ex − 1
=

8π5V45h3c3 (kT )3. (28.7)Ýþ¤�¢ üÜ¡�¢  ý�Â÷�  ý�Â�
U = −

∂

∂β
lnL =

3
kT

lnL, (29.7)�ûö���ê  ý�Â� Àþ�ðüõ ���  ý�Î��¤ ¤¢ �ø¢  ýø�Æ�
PV =

13U.´¨¢ �� �¤ ù��¨  ÝÆ�  Ç���  ý�Â� ßõ�µó��-ö�Ôµ¨�  ö�÷�ì ¢�ªüõ ß���Ýû (29.7)  ý�Î��¤ ¥��� ù��¨  ÝÆ� Â� �÷¥ø ¤ ×þ ¥� ¼Î¨  À��ø ¤¢ ý�Â÷�  Ç���  Ù�û� S ö�÷�ì ßþ�  §�¨� Â� .¢¤ø�,¢�ª üõ ù¢�¢ Âþ¥  ý�Î��¤
S = σT4, (30.7)(29.7)  ý�Î��¤ ¥� S = 14 U

V �î ßþ� �� ���� �� �¤ ö�÷�ì ßþ� .¢¤�¢ ��÷ ö�Ôµ¨�  ´��� σ ö� ¤¢ �î:¢¤�¢ Õê��� ö�  ü�Â¹�  ¤�ÀÖõ �� Àþ�üõ ´¨¢ �� σ  ý�Â� �î ý¤�ÀÖõ ø ¢�ªüõ �¹�µ÷
σ =

π2k460h̄3c2 = 5.670× 10−8Wm−2K−4. (31.7)35



� � ü÷���ê  ¥�ð  ü�øÂµ÷� �¹�µ÷ ¤¢ ø A = −PV = −13U �µó�úÞÜû  ¢�¥�  ý�Â÷� ,µ = 0 ö��,¢�ªüõ ù¢�¢ Âþ¥  ý�Î��¤
S =

U −A

T
=
43 UT = const.V T3. (32.7)�¹�µ÷ ¤¢

CV = T

(

∂S

∂T

)

V
= 3S, ,Ýþ¤�¢ ø ¤ ¤¢ü�  À�þ�Âê  ý�Â� ø

V T3 = const., (33.7)
PV 4/3 = const.. (34.7).À��î ��Æ� �¤ CP :ßþÂÞ�

ý¤�Ü� ��Àõ�� ýùÄþø ý�õÂð 3-7°þÂÖ� ù¢�¨ .Ù�û�Þû  ÂÚ÷�¨�÷ �� ¢�ªüõ �¤ ñ¢�ã�  ý�ÎÖ÷  ×þ¢�÷ ×��î  ��÷�¨�÷ �î Ý�÷�¢üõ ÂÚ ÷�¨� ÷ ý¢�Àã �  ý� ó�Æõ � � ¢�ªüõ �¤ ý¤�Ü �  ý�Ø±ª  ��ª�ã �¤�  ý� ó�Æõ ø¤ ßþ� ¥� .¢¥ù¢�¨ À÷�ùÀª ´Ô� ý¤�Ü�  ý�Ø±ª ¤¢ ü��¬  ���õ�  ö�À�õ �� �î ωs  Àõ�Æ� �� ù¢�¨ .Ù�û�Þûø¤ ßþ� ¥� .¢�ªüõ ù¢�¢ .À�õ�÷üõ ö�÷�ê �¤ ý¤�Ü�  ý�Ø±ª ¤¢ ü��¬  ��õ  ý�Â÷�  ý�µ÷��î .¢Âî ý�� �� ö� ¤¢ �î ´¨� ù��¨  ÝÆ�  Ç���  ý�ó�Æõ ö�Þû ý¤�Ü�  ý�Ø±ª  ��ª�ã�¤�  ý�ó�Æõ¤¢ �î ǫ = h̄ω  Âê ø U = − ∂
∂β lnL  ¢�½�� ø (22.7)  ý�Î��¤ ¥� ù¢�Ôµ¨� �� .Ýþ¤�¢ ö�÷�ê ,ö���ê:Ýþ¤�¢ ´¨� ö�÷�ê  Àõ�Æ� ω ö�

U(T ) =
∑

i

h̄ωi 〈ni〉 =
∑

i

h̄ωi

eh̄ωi/kT − 1 . (35.7)36



:¢�ªüõ ù¢�¢ Âþ¥  ý�Î��¤ ��  ýùÄþø  ý�õÂð  ´�êÂÒ
CV (T ) =

(

∂U

∂T

)

V
= k

∑

i

(h̄ωi/kT )2eh̄ωi/kT

(eh̄ωi/kT − 1)2 . (36.7)¤¢ ´êÂð ¤�î �� ��Àõ��  ý�þÂÑ÷ ¤¢ �¤ üÞµ÷��î  Ý�û�Ôõ �î üÆî ß�µÆ¿÷  ö���ä �� ß�µÈ�þ��� ø� .ωi = ωE ,À÷�Â��Â� ÂÚþÀØþ �� ωi  Âþ¢�Öõ  ý�Þû �î ¢Âî Âê CV  ý�±¨�½õ  ý�Â� 1907ø�  Âê .´¨� ¤�Ü�  ý�ûÝ��  ¢�Àã� N �î ´¨� 3N  Â��Â� ´¨¤¢ �û ωi  ¢�Àã� �î ¢Âî Âê ùø�ä�¨ ��ÀîÂû �î ´¨� ���Èõ  ÂÚ÷�¨�÷ N  ¥ ¤�Ýû Ý��îüõ Ó�¬�� �î üû�Úµ¨¢ �î ´¨� ��±õ ßþ� Â�§�¨� ßþ� Â� .¢¤�¢ ý¢�¥�  ý��¤¢
CV = 3NkE(x), E(x) =

x2ex
(ex − 1)2 , (37.7).x = h̄ωE/kT = Θ(E)/T �î.À�÷�� ß�Þ¿� �¤ ΘE :ßþÂÞ� ý�Â � .À � îü õ Û � õ CV = 3Nk ö�  ×�¨� î  ¤�À Ö õ � � CV ,T ≫ ΘE ¢� þ¥  ý� õ¢ ¤¢ü�Â¹�  ýùÀû�Èõ ¥� Â�âþÂ¨ ¤��Æ� �µ±ó� �î À��þüõ Çû�î x �� üþ�Þ÷  �¤�¬ �� E(x) ,T ≪ ΘE ýù¥� � ¤¢ ω �î ¢Âî Âê 1912 ¤¢ ø� .¢�ªüõ Â¹�õ ýÂµú �  ý�¹�µ ÷ � � ý� �¢  ©ø¤ .´¨�(25.7)  ý�Î��¤ ¤¢ g(ω) ö�� üã��� �� �û¥�Â�  üó�Ú� ø ¢ÂþÁ�üõ ¤�ÀÖõ �µ¨���  ¤�Ï �� (0, ωD)�ûö�÷�ê  ý�Â� �î ¢Âî ��¬� ÛØª ßþ� �� �¤ (25.7)  ý�Î��¤ ø� g(ω)  ß��ã�  ý�Â� .¢�ªüõ ù¢�¢:¢Âî Âê cL  ´äÂ¨ �� üó�Ï  Àõ ×þ ø cT  ´äÂ¨ �� ü®Âä  Àõ ø¢

g(ω)dω =

(

ω2dω2π2c3L +
ω2dω
π2c3T ) , (38.7)�î ¢Âî Âê ø� ωD  ß��ã�  ý�Â�

∫ ωD0 g(ω)dω = 3N.
37



�î Àþ¢ ¢�ªüõ �� ßþ� ¥�
ω3D = 18π2N

V

( 1
c3L +

2
c3T )−1

, (39.7)�¹�µ÷ ¤¢ ø
g(ω) =











9N
ω3D ω2 ω ≤ ωD0 ω > ωD.

(40.7)Ýþ¤�¢ (36.7) ¤¢ ý¤�Áðý�� ��
CV (T ) = 3NkD(x0), D(x0) =

3
x0 ∫ x00 x4ex

(ex − 1)2dx, (41.7)
T ≫ ΘD  ý�Â � .À ÷�ùÀ � õ� ÷ ��À õ� �  ý� �¢  ý� õ¢ �¤ ΘD .x0 = h̄ωD/kT = ΘD/T � îÝþ¤�¢(x0 ≪ 1)

D(x0) = 1−
x2020 + · · · . (42.7) ý�Â � .CV = 3Nk ü��¡  °þÂ Ö � � � T > 3ΘD  ý�Â � â ì�ø ¤¢ ø T → ∞  À� ¤¢ �¹ � µ ÷ ¤¢� � �¤ (41.7) ¤¢ ñ�ÂÚµ ÷�  ý���  À� ü��¡  ´ì¢ � � ¢�ªüõ ´¨� x0 ≫ 1  Â�Ñ÷ �î T ≪ ΘD�î ´¨� ßþ� Àþ�üõ ´¨¢ �� �î �� ö� .¢Âî ý¤�Áðý�� x0 → ∞

CV = Nk
12π45 (

T

ΘD

)3
= 464.4( T

ΘD

)3
cal/mol/K, (43.7).À÷��¡üõ ��Â¹� �� ü��¡ �� �î À�þ�ðüõ ý��¢  ý T3  ö�÷�ì �¹�µ÷ ßþ� ��

38



8 ÛÊê
üõÂê ñ�ùÀþ� ¥�ð

üõÂê ñ�ùÀþ� ¥�ð ×�õ��þ¢�õÂ� 1-8:¢�ªüõ ù¢�¢ Âþ¥  Í��ø ¤ �� üõÂê  ñ�ùÀþ�  ¥�ð
PV

kT
= lnL =

∑

ǫ

ln(1+ ze−βǫ), (1.8)
N =

∑

ǫ

〈nǫ〉 =
∑

ǫ

1
z−1eβǫ + 1 , (2.8)¤¢ .¢ÂþÁ³� [0,∞)  ýù¥�� ¤¢ �¤ ý¤�ÀÖõ Âû À÷���üõ z �� ßþ� ¤¢ .z = exp(µ/kT ) ø β = 1/kT �î�¹�µ÷ ¤¢ ø ¢¥ °þÂÖ� ñ�ÂÚµ÷� �� �¤ ���  ý�ûâÞ� ö���üõ V → ∞  À�

P

kT
=

g

λ3 f5/2(z), (3.8)
N

V
=

g

λ3 f3/2(z). (4.8).¢¤�¢ ù¤� ª� ß � ³ ¨�  Û · õ � ûö� � õÂ ê  ü Ü ¡�¢  ¤� µ ¡� ¨ � � � � ß þ� ¤¢ g  ö¥ø  Û õ� äø ´¨� üþ�õÂð  ß�Ú÷��õ  ��õ  ñ�Ï λ = h/(2πmkT )1/2
fn(z) =

1
Γ(n)

∫ ∞0 xn−1dx
z−1ex + 1 . (5.8)39



´¨¢ �� (3.8)  ý�ó¢�ãõ ¤¢ ý¤�Áðý�� ø (4.8)  ý�ó¢�ãõ ¥� z  Û� �� ¥�ð  ´ó��  ý�ó¢�ãõ�î Àþ¢ ¢�ªüõ ü÷�¨� �� .Àþ�üõ
U = −

(

∂

∂β
L

)

z,V

=
32NkT f5/2(z)

f3/2(z) , (6.8)�¹�µ÷ ¤¢ ø
PV =

23U. (7.8)�î ¢�¢ ö�È÷ ¢�ªüõ
CV

Nk
=
154 f5/2(z)

f3/2(z) −
94 f3/2(z)
f1/2(z) , (8.8) ý�Â� .¢Âî �Æþ�Öõ (17.7)  ý�Î��¤ ¤¢ ùÀª ù¢�¢ T > Tc ý�õ¢ ¤¢  ¥�ð CV �� �¤ ö� ¢�ªüõ �î ÍÆ� ¥� ù¢�Ôµ¨� �� z < 1

fn(z) = z −
z22n

+
z33n

+ · · · , (9.8)1�î ¢�¢ ö�È÷ ö���üõ
PV

NkT
=

∞
∑

l=1(−1)l−1al

(

λ3
gv

)l−1
, (10.8)ß���Ýû .À÷�ùÀª ù¢�¢ (12.7)  ý�Î��¤ ¤¢ al  °þ�Â® �î

CV =
32Nk ∞

∑

l=1(−1)l−15− 3l2 al

(

λ3
gv

)l−1
=

32 1− 0.0884(λ3
gv

)

+ 0.0066(λ3
gv

)2
+ · · ·



 . (11.8).¢Âî �Æþ�Öõ (13.7) �� Àþ�� �¤ ö� �î.´¨� Õ±Î�õ λ3 ≪ v  ×�¨�î  À� Â� z ≪ 1  À� �î ´¨� ��Üãõ (9.8) ø (4.8)  Í��ø ¤ ¥� 140



üõÂê ¥�Â�À� ßþ� ¤¢ .À�µÆû Àõ�¤�î�÷ ���  ��±¨�½õ ´¨� λ3 ≫ v  ¥ ¤�Ýû �î T → 0  À� ¤¢
〈nǫ〉 =

1
e(ǫ(~p)−µ)/kT + 1 =











1 ǫ(~p) < µ0,0 ǫ(~p) > µ0, (12.8),ǫ ¥� üã���  ö���ä �� T = 0 ¤¢ 〈nǫ〉 �î Ý����üõ .´¨� T = 0 ¤¢ ù�Úµ¨¢  üþ��Þ�ª  Û�Æ÷�µ� µ0 �î¥� �ûö�  ý�Â÷� �î üþ�û¥�Â�  üõ�Þ� T = 0 ¤¢ �î ´¨� ßþ� �¹�µ÷ ßþ�  ý��ãõ .´¨� 2�Ü�  â��� ×þ
µ0 �� .À�÷�õüõ üó�¡ ´¨� Â�Ç�� µ0 ¥� �ûö�  ý�Â÷� �î üþ�û¥�Â� ø À�µÆû Â� �f õ�î ´¨� Â�Ýî µ0Âþ¥  üúþÀ�  ý�Î��¤ ¥� �¤ µ0 �þ ǫF  ¤�ÀÖõ .À�û¢üõ Çþ�Þ÷ ǫF �� �¤ ö� ø À�þ�ðüõ üõÂê  ý�Â÷�,Ý��îüõ ß��ã�

∫ ǫF0 a(ǫ)dǫ = N, a(ǫ) =
gV

h3 4πp2dpdǫ
. (13.8)Ýþ¤�¢ �� ßþ� ¥�

pF =

( 3N4πgV )1/3
h, (14.8)üµ�±Æ÷  Â�è  À� ¤¢ �¹�µ÷ ¤¢ ø

µ0 = ǫF =

( 3N4πgV )2/3
h22m =

(6π2n
g

)2/3
h̄22m. (15.8) ý�Î��¤ �� E0 ¥�ð  ý�þ��  ´ó��  ý�Â÷�

E0 =
4πgV
h3 ∫ pF0 (

p22m) p2dp =
2πgV5mh3 p5F , (16.8) ý�Î��¤ �� ø ´¨� ÂÔ¬�÷ ¥�ð  ¤�Èê T = 0 ¤¢ Àþ�ðüõ (7.8)  ý�Î��¤  ×Þî �� �î ¢�ªüõ ù¢�¢,¢�ªüõ ù¢�¢ Âþ¥

P0 =
25nǫF ∼ n5/3. (17.8)

step function 241



¥� ´¨� z ≫ 1  ¥ ¤�Ýû �î ÂÔ¬ �� ×þ¢�÷ üóø ¢øÀ½õ  ý�õ¢ ¤¢ ¥�ð  ¤�µê¤  ö¢¤ø� ´¨¢ ��  ý�Â� üµÈð¥��  ý�Î��¤ ø (ln z)−1  °Æ� Â� fn(z)  ÍÆ�
fn−1(z) =

∂

∂ ln z
fn(z), ,¢Âî ù¢�Ôµ¨� ¢�ªüõ

f5/2(z) =
815π1/2 (ln z)5/2 [1+

5π28 (ln z)−2 + · · ·

]

, (18.8)
f3/2(z) =

43π1/2 (ln z)3/2 [1+
π28 (ln z)−2 + · · ·

]

, (19.8)
f1/2(z) =

2
π1/2 (ln z)1/2 [1−

π24 (ln z)−2 + · · ·

]

, (20.8)Ýþ¤�¢ (4.8) ¤¢ (19.8)  ý�Î��¤  ý¤�Áð ý�� ��
N

V
=
4πg3 (2m

h2 )3/2
(kT ln z)3/2 [1+

π28 (ln z)−2 + · · ·

]

. (21.8),¢Âî ��Æ� z ≫ 1  ý�Â� �¤ µ = kT ln z ¢�ªüõ �� ßþ� ¥�
µ ≃ ǫF

[1−
π212 (kTǫF )2] . (22.8)

T = 0  ý�Â� (15.8)  ý�ó¢�ãõ ¤¢ ��ö� �� ���  ý�¹�µ÷ ÂÔ¬  ý�±�Âõ  °þÂÖ� ¤¢ �î Ý����üõ(22.8) ¥� ù¢�Ôµ¨� �� ø (6.8) ¤¢ (19.8) ø (18.8)  ý¤�Áðý�� �� .´¨� üØþ Ýþ¢¤ø� ´¨¢ ���î ¢�¢ ö�È÷ ¢�ªüõ
U

N
=

35ǫF [1+
5π212 (

kT

ǫF

)2
+ · · ·

]

, (23.8)
P =

23 UV , (24.8)
CV

Nk
=

π22 kT

ǫF
+ · · · , (25.8)

S

Nk
=

π22 kT

ǫF
+ · · · . (26.8)
42



üõÂê ñ�ùÀþ� ¥�ð üÆ�Ï��çõ ¤�µê¤ 2-8ü¨¤Â � ü�¤� ¡  üÆ � Ï� � ç õ  ö�À � õ  ¤�Ì� ¤¢ �¤ ü õÂ ê  ñ�ùÀ þ�  ¥� ð  ¤� µ ê¤ Ç¿ � ß þ� ¤¢ Â �� ø � ��À÷�  Å�Ï��çõ� þ¢ ,üóø� �  Å�Ï��çõ�¤� �  Ýú¨  ü¨¤Â�  Ûõ�ª �ãó�Îõ ßþ� .Ý��îüõ.´¨� üÆ�Ï��çõ  ý¤�µêÂþÁ� ¤¢ ßÔó�öø-§ø�ûø¢üóø�� Å�Ï��çõ�¤�� 1-2-8�� ~B  ü�¤�¡  üÆ�Ï��çõ  ö�À�õ  ¤�Ì� ¤¢ ��¤£  ý�Â÷�
ǫ =

p22m − ~µ∗. ~B, (27.8)Âê üð¢�¨  ý�Â� .´¨� ö�  �Â� m ø ù¤£  ü��£  ü±Îìø¢  ö�Þõ ��ßþ� ¤¢ ~µ∗ �î ¢�ªüõ ù¢�¢ °Æ� Â� S±  ý�µ¨¢ ø¢ �� �¤ ù�Úµ¨¢  ��¤£ Ý�÷���üõ �¤�¬ ßþ� ¤¢ .´¨� 12 ù¤£  ß�³¨� �î À��î ö�À�õ �� (ý¥��õ¢��) ý¥��õ �ûö�  ü��£  ü±Îìø¢  ö�Þõ �î ü��¤£  ¢�Àã� .Ý��î Ý�ÆÖ� ~µ∗  ý�µ¨�¤ ��¤£  ý�Â÷� ø ǫ = p22m
− µ∗B �� S+  ��¤£  ý�Â÷� .Ý�û¢üõ ö�È÷ (N−) N+ �� �¤ À�µÆû ~B�ûö�  ý�Â÷� �î üþ�û¥�Â�  üõ�Þ� T = 0  ý�õ¢ ¤¢ �î Ý�÷�¢üõ .¢�ªüõ ù¢�¢ ǫ = p22m

+µ∗B �� S− ý�Î��¤  ×Þî �� .À�µÆû üó�¡ �f õ�î ÂÚþ¢  ý�û¥�Â� ø Â� ´¨� Â�Ýî üõÂê  ý�Â÷� ü�ãþ ǫF ¥�,Ý��î ß��ã� Âþ¥  �¤�¬ �� ǫF  °Æ� Â� �¤ N± Ý�÷���üõ (14.8)
N± =

4πV3h3 {2m(ǫF ± µ∗B)}3/2
. (28.8),¢Âî ��Æ� Âþ¥  �¤�¬ �� �¤ ¥�ð  üÆ�Ï��çõ  ö�Þõ ¢�ªüõ ��ßþ� ¥�

M = µ∗(N+ −N−) =
4πµ∗V (2m)3/23h3 {

(ǫF + µ∗B)3/2 − (ǫF − µ∗B)3/2} . (29.8)
43



,Àþ�üõ ´¨¢ �� Ó�ã®  ý�ûö�À�õ  ý�Â� üÆ�Ï��çõ  ý¤�µêÂþÁ� �¹�µ÷ ßþ� ¥� ø
χ0 = lim

B→0( M

VB

)

=
4πµ∗2(2m)3/2ǫ1/2

F

h3 . (30.8)�� ù�ðÇþ�õ¥� ¤¢ χ  ýù¥�À÷� �î Ýþ¤�¢ ¤�Ñµ÷� B ¥� ýÂþ¢�Öõ ��  ý�¥� �� .À�÷�� ß�Þ¿� �¤ χ0 :ßþÂÞ�?Àª�� χ0 ü��¡  ´ì¢¢Âî ��Æ� n = N++N−

V ��¤£  üó�Ú�  °Æ� Â� �¤ ǫF ¢�ªüõ (27.8)  ý�Î��¤  ×Þî ���¹�µ÷ ¤¢ .´¨� üØþ g = 2  ý�¥� �� (15.8)  ý�ó¢�ãõ �� B → 0  À� ¤¢ ö�  ý�¹�µ÷ �î
χ0 =

32 nµ∗2ǫF
. (31.8).À��î �Æþ�Öõ Àõ� ´¨¢ �� ß�÷�õ�µó��  ý�þ�� Â� �±¨�½õ �� 3  ÛÊê ¤¢ �� ö� �� �¤ �¹�µ÷ ßþ� :ßþÂÞ�,Àª ü¨¤Â� 3  ÛÊê ¤¢ �î ¢�ªüõ ù¢�¢ ý¤�î  ö�÷�ì �� χ∞ ���  ý�õ¢ ¤¢

χ∞ =
nµ∗2
kT

. (32.8) ß�� üØ�õ��þ¢�õÂ�  ñ¢�ã�  ý�ÎÖ÷  �¤�¬ �� ö���üõ �¤ ù�Úµ¨¢  ´�ã®ø T  ù��¡ñ¢  ý�õ¢ ¤¢�î ´Æ÷�¢ ß�þ��-ß�³¨�  ��¤£  Ûõ�ª ýÂÚþ¢ ø ���-ß�³¨�  ��¤£  Ûõ�ª üØþ S±  ù�Úµ¨¢ ø¢ß�³¨�ü� ��¤£ Âð� ü�ãþ ü�¤�¡  ö�À�õ �� Ç�îÝûÂ�  ¢�±÷ ¤¢ .À��îüõ �ó¢�±õ ù¤£ ø �õÂð Ýû ���� ßþ� ¤¢ �î ¢�ªüõ ù¢�¢ µ0(N+) = µ0(N −N+)  ¯Âª �� üØ�õ��þ¢�õÂ�  ñ¢�ã�  ý�ÎÖ÷ À÷¢��.´¨� ù�Úµ¨¢  ��¤£  ¢�Àã� ¥� üã��� �î ´¨� ß�³¨�ü�  ��¤£  ù�Úµ¨¢  üþ��Þ�ª  Û�Æ÷�µ� µ0 ýù¥�À÷� �� ¢ø ¤üõ S+ �� S− ¥� �î ý�ù¤£ Âû �î ¢�ªüõ °±¨ B  ü�¤�¡  ö�À�õ �� Ç�îÝûÂ�ßþ� üØ�õ��þ¢�õÂ�  ñ¢�ã�  ¯Âª Å� .ÀûÀ� ´¨¢ ¥� ý�Â÷� üþ��Þ�ª  Û�Æ÷�µ�  Â�� Â� �ê�®� 2µ∗B�î ´¨�
µ0(N+) − µ0(N −N+) = 2µ∗B. (33.8)´¨¢ �� Âþ¥  �¤�¬ �� �õ¢ ¥� üã���  �¤�¬ �� χ  ý�±¨�½õ ��üÞî  ¤�Ï �� ¢�ªüõ �¤ �¹�µ÷ ßþ� ö�Þõ  ý�µ¨�¤ ø ´¨� ~p �ûö�  ý�÷�Ø� �î Àª�� ü��¤£  ¢�Àã�  ýùÀ�û¢ ö�È÷ n±(~p) Âð� .¢¤ø�44



�� ¥�ð  Ûî  ý�Â÷� ù�ðö� ´¨� B  ü�¤�¡  ö�À�õ  (ý¥��õ¢��) ý¥��õ �ûö�  üÆ�Ï��çõ  ü±Îìø¢,¢�ªüõ ù¢�¢ Âþ¥  ý�Î��¤
En =

∑

~p

[(

p22m − µ∗B

)

n+
~p +

(

p22m + µ∗B

)

n−~p

]

=
∑

~p

(

n+ + n−
) p22m − µ∗B

(

N+ −N−) , (34.8),ù�Úµ¨¢  ©¤��  â���
Q(N) =

∑

{n±

~p
}

exp(−βEn), (35.8)�î ´¨� �û{n±~p } ¥� �µ¨¢ ö�  ýø¤ �ú�� ���  âÞ� �î
n±~p ∈ {0,1}, (36.8)

∑

~p

n+
~p +

∑

~p

n−~p = N+ +N− = N. (37.8),¢Âî üÆþ�÷ ¥�� �¤�¬ ßþ� �� �¤ ©¤��  â��� ¢�ªüõ
Q(N) =

N
∑

N+=0eβµ∗B(2N+−N)
∑

{n+
~p
}

e
−β
∑

~p
p22m

n+
~p
∑

{n−

~p
}

e
−β
∑

~p
p22m

n−

~p






(38.8)

= e−βµ∗BN
N
∑

N+=0 (e2βµ∗BN+
Q0(N+)Q0(N −N+)

)

. (39.8)���  �¤�±ä ¤¢
Q0(N ) =

∑

{n~p}

exp



−β
∑

~p

p22mn~p



 = exp {−βA0(N )} ,ø À � � î ëÀ ¬ n{~p} ∈ {0,1}  ¯Â ª ¤¢ � î ´ ¨� � û{n~p} ¥� � µ ¨¢ ö�  ýø¤ â Þ � ö� ¤¢ � îß�³¨�ü�  ýù¤£ N  Ûõ�ª üõÂê  ñ�ùÀþ�  ¥�ð  ©¤��  â��� ö�Þû Q0(N ) âì�ø ¤¢ .∑~p n~p = N�î ��ö� ¥� .´¨�
M =

1
β

∂

∂B
lnQN ,45



,Ý��î ��Æ� �¤ lnQ(N) ´¨� �¥� M  ý�±¨�½õ  ý�Â�1
N

lnQ(N) = −βµ∗B +
1
N

ln
N
∑

N+=0 e2βµ∗BN+−βA0(N+)−βA0(N−N+). (40.8),ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ �ÜÞ� ßþÂµð¤�� �ú�� �î Ý�÷¥üõ °þÂÖ� �¤�¬ ßþ� �� �¤ ���  âÞ�1
N

lnQ(N) = −βµ∗B +
1
N

(2βµ∗BN+ − βA0(N+) − βA0(N −N+)
)

, (41.8),Àû¢üõ �¤ (40.8) ¤¢ {2βµ∗BN+ − βA0(N+) − βA0(N −N+)}  ý���È�� N+ ö� ¤¢ �î2µ∗B −

[

∂A0(N+)

∂N+

]

N+=N+

−

[

∂A0(N −N+)

∂N+

]

N+=N+

= 0, (42.8)ö�� �î
µ0 =

∂A0(N )

∂N
,�î ¢�ªüõ �¹�µ÷ (41.8)  ý�ó¢�ãõ ¥� .´¨� (42.8)  ý�Î��¤  ñ¢�ãõ ßþ�

M =
1
β

∂

∂B
lnQN = µ∗(2N+ −N) = µ∗(N+ −N−). (43.8),Ý�Æþ��� Ý��îüõ ÓþÂã� r = N+−N−

N  ý�Î��¤ �� �î r  Âµõ�¤��  °Æ� Â� ¢�ªüõ �¤ M
M = µ0Nr, 0 ≤ r ≤ 1. (44.8),¢�ªüõ ù¢�¢ Ý��îüõ üÆþ�÷¥��  �¤�¬ �� �¤ ö� �î (42.8)  ý�Î��¤ �� r  ¤�ÀÖõ

µ0(1+ r2 N

)

− µ0(1− r2 N

)

= 2µ∗B. (45.8),¢Âî ��Æ� Âþ¥  °þÂÖ� ¥� �¤ r Ó�ã®  ý�ûö�À�õ  ý�Â� ¢�ªüõ r = 0 B = 0  ý�Â� ö��
r ≃

2µ∗B
∂µ0(xN)

∂x

∣

∣

∣

x=12 . (46.8)46



,Àþ�üõ ´¨¢ �� Ó�ã®  ý�ûö�À�õ  ý�Â� üÆ�Ï��çõ  ý¤�µêÂþÁ� �� ßþ� ¥�
χ =

M

VB
=
µ∗Nr

V B
=

2nµ∗2
∂µ0(xN)

∂x

∣

∣

∣

x=12 . (47.8)üÜ±ì  Ç¿� ¤¢ �¤ �û´�Þî ßþ�  ¤�ÀÖõ .¢¤ø� ´¨¢ �� ǫF  °Æ�Â� �¤ µ0 Àþ�� χ  ý�±¨�½õ  ý�Â� ù�Úµ¨¢  ý�Â÷� ǫF ö�� �î ¢Âî ´ì¢ Àþ�� ¸þ�µ÷ ö� ¥� ù¢�Ôµ¨�  ý�Â� T → 0  À� ¤¢ .Ýþ¢Âî ��Æ� üþ��Þ�ª  Û�Æ÷�µ� µ0 ö�� üóø ´¨� 2 �� Â��Â� (15.8)  ý�ó¢�ãõ ¤¢ g ´¨� 12  ß�³¨� �� ü��³¨��±¨�½õ üÞî ¥� Å� .ÝþÂ�Ú� 1  Â��Â� Àþ�� �¤ g ö�  ý�±¨�½õ  ý�Â� ´¨� ß�³¨�ü�  ��¤£  ù�Úµ¨¢,´ª�¢ Ý�û��¡
χ ≃ χ0 [1−

π212 (kTǫF )2] , χ0 =
32 nµ∗2ǫF

, (48.8).´¨� Õê��� ¤¢ (31.8)  ý�ó¢�ãõ �� T → 0  ý�Â� �î.Àþ¤ø� ´¨¢ �� �¤ (104.8)  ý�ó¢�ãõ :ßþÂÞ�,Ýþ¤�¢ f3/2(z) ≃ z  Âê ø g = 1  ý¤�Áðý�� �� (4.8) ¥� T → ∞ ¤¢
µ0(xN) = kT ln

(

xNλ3
V

)

, (49.8)�¹�µ÷ ¤¢ ø
∂µ0(xN)

∂x

∣

∣

∣

∣

x=12 = 2kT. (50.8),Ý�¨¤üõ ý¤�î  ö�÷�ì �� (47.8)  ý�ó¢�ãõ ¤¢ ý¤�Áðý�� ��
χ∞ =

nµ∗2
kT

, (51.8) ö�÷�ì  ý�Â� Âþ¥ ��¬� �� �î Ý��îüõ ù¢�Ôµ¨� f3/2(z) ≃ z − z223/2  °þÂÖ� ¥� ¢�þ¥  ý�û�õ¢  ý�Â�,¢�ªüõ Â¹�õ ý¤�î
χ ≃ χ∞

(1−
nλ325/2) . (52.8)

47



ßÔó�öø-§ø�ûø¢ Â�� ø ���À÷� Å�Ï��çõ�þ¢ 2-2-8¤¢ üþ�ûº��¤�õ  ýø¤Â� ¤�¢¤��  ��¤£ ü�¤�¡  ö�À�õ  ¤�Ì� ¤¢ �î Ý�÷�¢üõ ×�¨�î  ×�÷�Øõ ¥��� ��¤£ ßþ�  Ó�Ï �î Àþ¢ ¢�ªüõ üÞµ÷��î  ×�÷�Øõ ¤¢ .À�¡Â�üõ eB
mc  Àõ�Æ� �� ö�À�õ  ý�µ¨�¤ ý�Î��¤

ǫ(j, pz) =
p2z2m +

eBh̄

mc
(j +

12), j = 0,1,2, · · · . (53.8) ö�À�õ  ö¢Âî ßªø¤ ¥� Ç�� �î Ý��îüõ ´ì¢ Ýþ¤ø� ´¨¢ �� �¤ ¥�Â � Âû  ü�Úú±� �î ö�  ý�Â� ¢� ã �� � � ý�� ± ã� �¤ ö� � î ù�Ú µ¨¢  ý�û¥Â õ � � (x, y)  ý�½Ô¬ ¤¢ ù¤£  ´îÂ� B  ü�¤�¡ ýù¥�� ¤¢ �ûö�  ý�Â÷� �î üþ�û¥�Â�  ¢�Àã� �¹�µ÷ ¤¢ .Àªüõ ¢øÀ½õ Ý��îüõÂê (Lx, Ly, Lz)�� ¢�� (ǫ1, ǫ2)
LxLy

h2 ∫ ∫

dpxdpy =
LxLy

h2 (2mπ)(ǫ2 − ǫ1), (54.8)�ûö�  ý�Â÷� ö�À�õ  ¢�±÷ ¤¢ �î üþ�û¥�Â�  üõ�Þ� ÛÞä ¤¢ B  ö�À�õ  ö¢Âî ßªø¤ �� .¢�ªüõ ù¢�¢ ý� ó¢� ã õ ¤¢ ùÀª ù¢�¢ ǫ(j, pz)  ¥�Â � � � ¢¤�¢ ¤�Â ì ( (j+1)eBh̄
mc , jeBh̄

mc )  ýù¥� � ¤¢ pz ¥� ÂÑ ÷  éÂ¬�¹ � µ ÷ (54.8)  ý� ó¢� ã õ ¤¢ ǫ2 = (j+1)eBh̄
mc ø ǫ1 = jeBh̄

mc  ý¤�Á ðý� � � � .À ÷ø ¤ü õ (53.8)�� ǫ(j, pz)  ¥�Â�  ü�Úú±� �î ÝþÂ�ðüõ
LxLy

h2 eB

hc
, (55.8)ø Ýî �� �î ¢Âî ����� �¤�¬ ßþ� �� ¢�ªüõ �¤ ñ�Àµ¨� ßþ�  üµ¨¤¢ .´¨� ÛÖµÆõ j ¥� �î ¢�ªüõ ù¢�¢ À� ¤¢ ¤�µê¤ ßþ� ö�� .À÷�ªüõ ������ �ú�� ø ùÀÈ÷ ��ê � þ ÕÜ¡ ý�Â÷�  ý�û¥�Â� B  ö¢Âî ¢�þ¥�� �µ¨���  ¤�Ï �� ��¤£  ×�¨�î  ´îÂ�  Â�Æõ À� ßþ� ¤¢ �î �� ö� ¥� ø ´¨� ¤�ÂìÂ� ��÷ B → 0Ý��î Âê �î ´¨� üã�±Ï ¢�ªüõ ×þ¢�÷ ´¿�  ��õ �� üÞµ÷��î  ×�÷�Øõ ¤¢ �þ ø ´¨�¤  Í¡ ¢�ã�� Âð� �î ´¨� ßþ� ¤¢ Ýû ü�Úú±� ßþ�  ý�Èþ¤ .´¨� Â��Â� B = 0 �� B 6= 0  ý�Â� �û¥�Â�  ¢�Àã�48



ù�ðö� (Lx(y) → ∞) ¢�� ´þ�ú÷ü� éÂÒ
ǫ(j, pz) = ǫ̃(nr,m) +

p2z2m, ǫ̃(nr,m) =
eBh̄

mc

(

nr +m+ |m| +
12) , (56.8)

m = 0,±1,±2, · · · , ø üä�ãª  ´îÂ� �� ¯��Âõ  üÞµ÷��î  ¢Àä nr = 0,1,2, · · · , ö� ¤¢ �î
Lx(y) → ∞  À� ¤¢ ü�Úú±� �¹�µ÷ ¤¢ .Àû¢üõ �¤ lz = mh̄ ý��þø�¥  ý�÷�Ø� �î ´¨� üÞµ÷��î  ¢Àäø ´¨� ¢øÀ½õ ù�Úµ¨¢  ¢�ã�� �� ßþ� ¤¢ .´¨� ¤�ð¥�¨ (55.8)  ý�ó¢�ãõ �� �µ±ó� �î 3´¨� ´þ�ú÷ü�(53.8)  ý�ó¢�ãõ �� �¤ �û¥�Â� ü��¡  ´ì¢ �� ¢�ªüõ ö���Ýû üóø ´¨� ¢øÀ½õ Ýû ü�Úú±� �¹�µ÷ ¤¢.¢�¢,¢�ªüõ ù¢�¢ Âþ¥  ý�Î��¤ �� ï¤��  ©¤��  â��� �¹�µ÷ ¤¢

lnL =
∑

ǫ

ln(1+ ze−βǫ)

=

∫ ∞

−∞

Lzdpz

h





∞
∑

j=0(LxLy
eB

hc

)

ln
{1+ ze−βeh̄B(j+12 )/mce−βp2z/2m

}



 .(57.8)
���À÷� Å�Ï��çõ�þ¢,Ýþ¤�¢ ,ln(1+ x) = x  °þÂÖ� ¥� ù¢�Ôµ¨� �� ,z ≪ 1  ý�Â�

lnL =
zV eB

h2c (2πm
β

)1/2 {2 sinh

(

βeh̄B2mc )}−1
. (58.8) ý�û¢�½�� ¥�

N̄ =

(

z
∂

∂z
lnL

)

B,V,T
, (59.8)

M =
1
β

(

∂

∂B
lnL

)

z,V,T
, (60.8).¢�ªüõ ù¢�¢ À�îüõ ù¢¤ø�Â� �¤ j = nr + m + |m|  ¯Âª �î (nr, m)  ý�û�ø¥  ¢�Àã� �� ü�Úú±� ßþ� 349



,�î Àþ�üõ ´¨¢ ��
N̄ =

zV

λ3 x

sinhx
, (61.8)

M =
zV

λ3 µ{ 1
sinhx

−
x coshx

sinh2 x } , (62.8) ö�µ��Úõ ö�Þû µ ù�ðö� À�ª�� öøÂµØó�  �Â� ø ¤�� m ø e Âð� .x = βµB ø µ = eh/4πmc ö� ¤¢ �î�î ¢�ªüõ �¹�µ÷ ���  ý�û�ó¢�ãõ ¥� .´¨� ¤��
M = −N̄µL(x), (63.8)ßþøÄ÷�  ý�þÂÑ÷ ¤¢ ��ö� �� �¹�µ÷ z ≪ 1  ý�Â� Å� .´¨� ßþøÄ÷�  â��� L(x) = coth x− 1

x �î¤¢ ���  �¤�±ä ¤¢ üÔ�õ  ´õ�ä .´¨� ��±ª Ýþ¢¤ø� ´¨¢ �� 3  ÛÊê ¤¢ Å�Ï��çõ�¤� �  ý�Â�ü�ãþ x≪ 1  ý�Â� .´¨� Å�Ï��çõ�þ¢ Â®��  ýùÀþÀ� �î Àû¢üõ ö�È÷ (5.3)  ý�Î��¤ �� �Æþ�Öõ,À÷�ªüõ ù¢�¨ ÛØª ßþ� �� (62.8) ø (61.8)  ��¢�ãõ µB ≪ kT üµìø
N̄ ≃

zV

λ3 , (64.8)
M ≃ −

N̄µ2B3kT . (65.8) üÆ�Ï��çõ  ý¤�µêÂþÁ�  ý�Â� �¹�µ÷ ø¢ (65.8)  ý�Î��¤ ¥�
χ∞ =

M

VB
= −

n̄µ23kT , (66.8) ´õ�ä ¥� ùÀþÀ� ßþ�  ö¢�� Å�Ï��çõ�þ¢ :Àþ�üõ ´¨¢ �� ¤�¢¤��  ��¤£  ý¤�Àõ  ´îÂ� ¥� üª�÷¤¢ ø z ≪ 1  ý�Â� Å� .À�îüõ ýøÂ�� ý¤�î  ö�÷�ì ¥� χ∞ ø ´¨� ÛÖµÆõ ��¤£  üØþÂµØó�  ¤��,Ýþ¤�¢ (32.8) ø (104.8)  ��¢�ãõ ¥� ù¢�Ôµ¨� �� Ó�ã®  ý�ûö�À�õ  À�
χ∞ =

n(µ2B − 13µ′2B)

kT
. (67.8) ý�Î��¤ ¤¢ ß���Ýû .´¨� ü¨¤Â�  ¢¤�õ  ù�Úµ¨¢ ¤¢ öøÂµØó�  Â��õ  �Â� m′ �î µ′B = eh/4πm′c.Ýþ��µêÂð ¤��  ö�µ�Úõ ö�Þû �¤ µ∗ (32.8)50



 À� ¤¢ ø ´¨� z ≫ 1  ¥ ¤�Ýû �î kT ≪ ǫF Ýî  ý�û�õ¢ ¤¢ ý¤�µêÂþÁ�  ö¢¤ø� ´¨¢ ��  ý�Â�ÂÜþø�  °þÂÖ� ¥� ù¢�Ôµ¨� �� �¤ (57.8)  ý�ó¢�ãõ µB ≪ kT Ó�ã® ¤��Æ�  ý�ûö�À�õ
∞
∑

j=0 f (j +
12) ≃

∫ ∞0 f(x)dx+
124f ′(0), (68.8).Ý��îüõ ��Æ�.Àþ¤ø� ´¨¢ �� �¤ T ø B  Âþ¢�Öõ  ý�Â� ���  ý�ûÂê  ý¤�ÂìÂ�  ýù¢øÀ½õ :ßþÂÞ� ý��ª�  ý�ÜÞ� �� (68.8)  ý�ó¢�ãõ  ´¨�¤  ´Þ¨ ¤¢ ñø�  ý�ÜÞ�2πV (2m)3/2

h3 ∫ ∞0 (ǫ1/2dǫ) ln{1+ ze−βǫ},�� ´¨� Â��Â� �ø¢  ý�ÜÞ� .¢¤�À÷ ý¤�µêÂþÁ� ¤¢ üÞú¨ �î ´¨� ýø�Æõ
−

112βµB ∫ ∞

−∞

dpz

z−1eβp2z/2m + 1 = −
πV (2m)3/26h3 (µB)2β1/2 ∫ ∞0 y−1/2dy

z−1ey + 1 . (69.8)üÞî ¥� Å� .´¨� Å�Ï��çõ�þ¢  ÂÚ÷��� �î ¢�ªüõ ù¢�¢ Âþ¥  ý�Î��¤ �� ý¤�µêÂþÁ� ¤¢ �ÜÞ� ßþ�  Ýú¨,Àþ¢ Ý�û��¡ °¨��õ  °þÂÖ� À�� ¥� ù¢�Ôµ¨� ø �±¨�½õ
χ0 = −

12 nµ2ǫF , (70.8).¢Âî �Æþ�Öõ (31.8)  Å�Ï��çõ�¤�� �� �¤ ö� Àþ�� �îßÔó�öø-§ø�ûø¢ Â�� ý¤�µêÂþÁ�  ü�ø���  ¤�µê¤ �� Â�� ßþ� .ÝþÂ�üõ ö�þ�� �� ßÔó�öø-§ø�ûø¢  Â��  ¤øÂõ �� �¤ Ç¿� ßþ� Âê �� .¢�ªüõ ùÀþ¢ µB ≈ kT ≪ ǫF  ýù¢øÀ½õ ¤¢ �î ¢�ªüõ �µÔð 1
B  °Æ�Â� üÆ�Ï��çõ�î ¢�¢ ö�È÷ ¢�ªüõ ���  ý�û¯Âª  ý¤�ÂìÂ�

lnL ≃ −V
2(2πm)3/2

h3 (µB)3/2
π1/2 ∞

∑

l=1 (−1)l

l3/2 cos{(lπǫF /µB) − π/4}
sinh{π2l/βµB}

. (71.8)51



ü÷�õ¥ Â�� ßþÂµÈ�� ø ¢�ªüÞ÷ ùÀþ¢ µB ≪ kT  À� ¤¢ ü�ø���  ¤�µê¤ �î Àþ¢ ¢�ªüõ ���  ý�¹�µ÷ ¥�.µB ≈ π2kT �î ´¨�.À�÷�� ß�Þ¿� �¤ ¢�ªüõ ùÀþ¢ ßÔó�öø-§ø�ûø¢  Â�� ö� ¤¢ �î �¤ B ø T  Âþ¢�Öõ :ßþÂÞ�,ý¤�µêÂþÁ�  ö¢¤ø� ´¨¢ ��  ý�Â�
χ =

1
βV B

∂

∂B
lnL, (72.8)(71.8)  ý�ó¢�ãõ ¤¢ ÂÆî  �¤�¬ ¤¢ ü¨���Æî  ý�ÜÞ� �� ¯��Âõ Ýú¨ ßþÂµÈ�� �î Ý��îüõ ´ì¢,´ª�¢ Ý�û��¡ �ÜÞ� ßþ� �ú��  ßµêÂð ÂÑ÷ ¤¢ �� .´¨�

χ = π
3nµ22ǫF kTǫ

1/2
F

(µB)3/2 sin{(πǫF /µB) − π/4}
sinh{π2/βµB}

. (73.8).¢ø¤üõ ¤�î �� ǫF  ß��ã�  ý�Â� ßÔó�öø-§ø�ûø¢  Â�� ù�ÚÈþ�õ¥� ¤¢���Üê ¤¢ ü÷øÂµØó� ¥�ð 3-8 ù�� ¤¢ Ç�îÝûÂ�ü�  ý�ûö��õÂê  ¤�µê¤ �� ü��¡ �� ¢�ªüõ �¤ �Üê ×þ ¤¢ ü÷øÂµØó�  ¥�ð  ¤�µê¤¢�þ¥  ý�õ¢ ¤¢ .´¨� ü÷øÂµØó�  ¥�ð �� �ûö�þ  Ç�îÝûÂ� ¥� üª�÷ �î ¢¥ °þÂÖ�W  ÕÞä �� üÜ�Æ÷�µ�ö� �ûöøÂµØó� ¥� ý�ùÀû�Èõ  Û��ì  Ýú¨  ý�Â÷� À����üõ ¤�Ü� �� üÆ�Ï��çõøÂµØó�  ���õ� �î ü÷�õ¥ �þ ñ�� ¤¢  ý�ûù�Úµ¨¢  ý�Â� �î �¤ üÞµ÷��î  ¤�õ� Ç¿� ßþ� ¤¢ .À÷�ª �¤�¡ ù�� ßþ� ¥� �î ´Æû ¤Àì�� ö� �� ¸þ�µ÷ ßþ� �î ´¨� ßªø¤ .ÝþÂ�ðüõ ¤�î �� ùÀþÀ� ø¢ ßþ�  ü¨¤Â�  ý�Â� Ýþ��µ¡�õ� ñ¢�ã�.Àª�� ����÷ À÷�ùÀ÷�õ �î �û ö�  Â��Â� ¤¢ À÷�ù¢Âî íÂ� �¤ �Üê �î üþ�ûöøÂµØó�  ¢�Àã� �î ´¨� ´¨¤¢×�÷�þ�õÂ� ö�þÂ� 1-3-8 ý�Î��¤ ¥� À÷�ªüõ �¤�¡ ö�õ¥  À��ø ¤¢ �Üê  ¼Î¨  À��ø ¥� �î üþ�ûöøÂµØó�  ¢�Àã�
R =

14n 〈uz〉 ,52



�î Àþ�üõ ´¨¢ ��
〈uz〉 =

1
N

∫

〈n(~p)〉 uz

(

V d3p
h3 )

, (74.8)ø
〈n〉 =

1
z−1eǫ/kT + 1 . �¹�µ÷ ¤¢

R =

∫ ∞

pz=(2mW )1/2 ∫ ∞

px=−∞

∫ ∞

py=−∞

(2dpxdpydpz

h3 1
e(ǫ−µ)/kT + 1)uz. (75.8)�î Àþ¢ Ý�û��¡ �±¨�½õ üÞî ¥� Å�

R =
4πmkT
h3 ∫ ∞

W
dǫz ln

[1+ e(µ−ǫz)/kT
]

. (76.8) ¢Àä ���  ýø�Æ�  ´¨�¤  ´Þ¨ ¤¢ üþ�Þ÷  ý�ÜÞ� üó�Þãõ  ý�õ¢ ¤¢ �î Àþ¢ ¢�ª üõ ü÷�¨� ���±¨�½õ ln(1+ x) ≃ x  °þÂÖ� ¥� ù¢�Ôµ¨� �� �¤ Rü��¡  ´ì¢ �� ¢�ªüõ �¹�µ÷ ¤¢ ø ´¨� üØ��î,¢Âî
R =

4πmk2T2
h3 e(µ−W )/kT , (77.8)�� �¹�µ÷ ßþ�  üµ¨¤¢  Ç¹�¨ ¥� Ç�� �µ±ó� .Àþ�üõ ´¨¢ �� J = eR×�÷�þ�õÂ�  ö�þÂ� �� ßþ� ¥� ø À¨ ¥� ¤�±ä  ý�Â� üê�î  ý�Â÷� �� �î ý�ù¤£ ×�¨�î  ¤�Ï �� .¢Âî ��¬� üÞî �¤ ö� Àþ�� Çþ�õ¥� ×Þî �� �¤ ö� ¢�ªüõ �î r  ñ�Þµ�� �� À¨¤üõ (�Üê  ¼Î¨ ö�Þû) Û�Æ÷�µ�  ¥ Âõ �� ü÷�þ  Û�Æ÷�µ� ¼Î¨  À��ø ¥� �î üþ�ûöøÂµØó�  ¢�Àã� �¹�µ÷ ¤¢ .¢�ªüõ ùÀ����¥�� ¢Âî ��Æ� üÞµ÷��î  ×�÷�Øõ.¢�ªüõ ù¢�¢ (1− r)R �� À÷�ªüõ �¤�¡ ö�õ¥  À��ø ¤¢ �Üê�� üþ��Þ�ª  Û�Æ÷�µ� ´¨� f3/2(z) ≃ z  °þÂÖ�  ýÂ�ð¤�î ��  Â�Ñ÷ �î ×�¨�î  ¤�õ� ¤¢ ý�Î��¤

z = eµ/kT =
nλ3
g

=
nh32(2πmkT )3/2 , (78.8)53



�¹�µ÷ ¤¢ ø ¢�ª üõ ù¢�¢
Jclass = ne

(

k2πm)1/2
T1/2e−φ/kT (φ = W ), (79.8) Â�� ×�÷�þ�õÂ�  ö�þÂ�  ýùÀþÀ� �� ø ¤ßþ�¥� .¢¤ø� ´¨¢ �� 1902 ¤¢ ß¨¢¤�»þ¤ �î ´¨� ö�Þû �îö�Þû üó�Þãõ  ý�û�õ¢ ¤¢ üþ��Þ�ª  Û�Æ÷�µ� ¤�ÀÖõ ¢�ªüõ üÞµ÷��î  ¤�õ� ¤¢ .À�þ�ðüõ ß¨¢¤�»þ¤�¹�µ÷ ¤¢ ø ´êÂð T = 0  ý�õ¢ �� ¯��Âõ µ0 = ǫF  ¤�ÀÖõ

JFD =
4πmek2
h3 T2e−φ/kT (φ = W − ǫF ). (80.8) ý�þ¤¢  ¼Î¨ �� Û�Æ÷�µ�  ù��  ÕÞä (80.8)  ý�ó¢�ãõ  §�¨�Â� �î À�þ�ð üõ ¤�î  â��� φ ��.Àû¢üõ �¤ üõÂê ü¨¤Â� üÜ¬�  ýùÀþ� .¢¤ø� ´¨¢ �� ýÂÚþ¢  ©ø¤ �� 1919 ¤¢ von Laue � ßê �¤ �¹�µ÷ ßþ�

R′ Âð� .´¨� �Üê  ¼Î¨  üØþ¢�÷ ¤¢ ùÀª Û�ØÈ� ü÷øÂµØó�  Â�� ø �Üê  ü÷øÂµØó�  ¥�ð  ß��  ñ¢�ã� ´�ã®ø ù�ðö� À÷�ªüõ ¢¤�ø ö� �� ö�õ¥  À��ø ¤¢ �Üê  ¼Î¨  À��ø ¥� �î Àª�� üþ�ûöøÂµØó�  ¢�Àã�ùÂú� ×�¨�î  ý�û°þÂÖ� ¥� ¢�ªüõ ü��¡ �� R′  ý�±¨�½õ  ý�Â� .¢�ªüõ ù¢�¢ R = R′ �� ñ¢�ã�,´¨� íÀ÷� ü÷øÂµØó�  Â��  üó�Ú� �î �Â� ´êÂð
R′ =

14n 〈u〉 =
14 P

kT

(8kT
πm

)1/2
. (81.8),¢�ªüõ ù¢�¢ f5/2(z) ≃ z  ý¤�Áðý�� �� ø (3.8)  ý�Î��¤ �� ¥�ð  ¤�Èê

P =
2kT (2πmkT )3/2

h3 eµ
′/kT . (82.8)Å� .¢�ª üõ ù¢�¢ µ′ = µ−W �� ñ¢�ã�  ý�ÎÖ÷ ¤¢ �î ´¨� ü÷øÂµØó�  Â��  üþ��Þ�ª  Û�Æ÷�µ� µ′

R′ =
4πm(kT )2

h3 e(µ−W )/kT . (83.8)
54



×þÂµØó����ê Â�� 2-3-8üÆ�Ï��çõøÂµØó�  ���õ�  Ç���  Â�� ¤¢ �Üê  ¼Î¨ ¥� �ûöøÂµØó�  ¤�Èµ÷�  ýùÀþÀ� �� ×þÂµØó����ê  Â��À÷��µ� öøÂµØó� ßþ� �î ö�  ¯Âª .À�î �Á� �¤ ν  Àõ�Æ� �� ü÷���ê ü÷øÂµØó� �î À��î Âê .À�þ�ðüõö���ê  �Á� �� ÂÚþ¢  ý�û�µ¨�¤ ¤¢ öøÂµØó�  ý�÷�Ø� �î Âê ßþ� �� �µ±ó�) À�î ¤�Âê Û�Æ÷�µ�  ù�� ¥��î ´¨� ßþ� (À�îüÞ÷ Â��ç�
p2z2m + hν > W. (84.8)Ý�û��¡ (76.8)  ý�ó¢�ãõ  �ä �� Ýþ¢Âî ×�÷�þ�õÂ�  ö�þÂ�  ö¢¤ø� ´¨¢ �� ¤¢ �� ö�  ¤�ÂØ� ��,´ª�¢

R =
4πmkT
h3 ∫ ∞

W−hν
dǫz ln

[1+ e(µ−ǫz)/kT
]

=
4πm(kT )2

h3 ∫ ∞0 dx ln

[1+ exp

{

h(ν − ν0)
kT

− x

}]

, (85.8)ø x = (ǫz −W + hν)/kT ö� ¤¢ �î
hν0 = W − µ ≃W − ǫF = φ. ÓþÂã� ¥� ù¢�Ôµ¨� �� .À�þ�ðüõ ×þÂµØó����ê  ùÀþÀ�  ¥øÂ�  ý�Â� �÷�µ¨�  Àõ�Æ� ν0 ��

δ =
h(ν − ν0)

kT
, ,Ǒ�� �� Ǒ��  ýÂ�ðñ�ÂÚµ÷� ¥� Å� ø

∫ ∞0 dx ln(1+ eδ−x) =

∫ ∞0 dx
xdx1+ eδ−x

= f2(eδ), (86.8),Ýþ¤ø�üõ ´¨¢ �� f2(eδ)  â���  °Æ�Â� �¤ ×þÂµØó����ê  ö�þÂ�  üó�Ú�
J =

4πemk2
h3 T2f2(eδ). (87.8)55



�¹�µ÷ ¤¢ .f2(eδ) ≃ δ22 ü��¡  ´ì¢ �� �¹�µ÷ ¤¢ ø eδ ≫ 1 ù�ðö� h(ν − ν0) ≫ kT Âð�
J ≃

2πme
h

(ν − ν0)2, (88.8) °þÂÖ� �� ø eδ ≪ 1 ù�ðö� h |ν − ν0| ≫ kT ø ν < ν0 Âð� ÂÚþ¢  ý�¨ ¥� .´¨� ÛÖµÆõ �õ¢ ¥� �îø¤ßþ�¥� .f2(eδ) ≃ eδ ü��¡
J ≃

4πmek2
h3 T2e(hν−φ)/kT , (89.8)
ν = ν0  Àõ�Æ� ¤¢ .´¨� (80.8)  ý�ó¢�ãõ  ��±ª �î

f2(eδ) = f2(1) =
12ζ(2) =

π212 , �¹�µ÷ ¤¢ ø
J0 =

π3mek23h3 T2 (90.8)
À�Ô¨ ý�û�ó���î ý¤�õ� ñ¢�ã� 4-8üþ�õÂð �ûö�  ý�Â÷�  â±�õ .À÷�ùÀª Û�ØÈ� ���Üû ¥� �f�ÀÞä �î À�µÆû üþ�ûù¤�µ¨ À�Ô¨  ý�û�ó���î ý�Â� 1861 ¤¢ ßþ�Üî �î ´¨� üªø¤ ßþ� .¢�ªüõ Û¬�� �ûö�  ü¹þ¤À�  �±Ö÷� ¥� �î ´¨�ö�ªüó�Ú� ,M ≈ 1033g �û�ó���î  üä�÷  �Â� .¢�¢ ¢�ú�È�� �ûù¤�µ¨  ý�Þû ¤¢ ý�Â÷�  À�ó��ùÀ�÷�þ ���Üû  ý�ûÝ��  üõ�Þ� �õ¢ ßþ� ¤¢ .À÷¤�¢ T ≈ 107K  ¢øÀ� ¤¢ üþ�õ¢ ø ρ ≈ 107g cm−3 °þÂÖ� � � .Ý� ÷�À� ���Üû  ý�µÆû N/2 ø öøÂµØó� N ¥� ü±�îÂ � �¤ ù¤� µ¨ Ý�÷�� �üõ �õ ø À�µÆû�ûöøÂµØó�  üó�Ú� ,M ≃ 2Nmp

n =
N

V
≃

ρ2mp
,56



,Ýþ¤�¢ g = 2 �� (14.8)  ý�Î��¤ ¥� .Àþ�üõ ´¨¢ ��
pF =

(3n8π)1/3
h = O(10−17)g cm sec−1, (91.8)� � Ýû ǫF = O(106)eV üõÂ ê  ý�Â ÷� .´¨� �Æ þ� Ö õ  Û �� ì mc  ý�Ê¿Èõ  ý� ÷�Ø � � � � î�¹ � µ ÷ ¤¢ ø TF = ǫF /k = O(1010)K � î ´¨� ß þ� Ýú õ  ý� µØ ÷ .´¨� �Æ þ� Ö õ  Û �� ì mc2�� �¤ T ≈ 107K  ý�õ¢ �� ü÷øÂµØó�  ¥�ð  ý¤�õ�  ¤�µê¤ ¢�ªüõ ü��¡ �� Å� .T/TF ≈ 10−3À�Ô¨  ý�û�ó���î  üÔ�î  ¤�µê¤ Ýî  ´¨¢ ¥�ð ßþ�  ý�ãó�Îõ �� !¢�¢ T = 0 ¤¢ �ûö��õÂê  ¤�õ� ý�Î��¤ ¢�¢ ¾¨�� ö� �� ü÷�¨� �� ÕþÂÏ ßþ� �� ¢�ªüõ �î ü����b¨ ¥� üØþ .¢�ªüõ ßªø¤ ö�õ ý�Â�´¨¢ �� ù¤�µ¨ üÈ÷�Âð  ý��£�� ø ¥�ð  ¤�Èê  ß��  ñ¢�ã�  ü¨¤Â� ¥� �î ´¨� �ó���î  á�ãª ø �Â�.Àþ�üõ.´¨� ¤�Âì ßþ� ¥� (g = 2) üµ�±Æ÷  öøÂµØó� N  Ûõ�ª üõÂê  ¥�ð  ý�þ��  ´ó��  ý�ûüðÄþø�� üðÀ�ª��  ý�Î��¤

ǫ = mc2 {1+

(

p

mc

)2}1/2
− 1 , (92.8)�� ��¤£  ´äÂ¨ ø

u =
dǫ

dp
= c

(p/mc)

{1+ (p/mc)2}1/2 , (93.8)¥� ´¨� �¤�±ä ¥�ð  Ûî  ý�Â÷� .¢�ªüõ ù¢�¢
E0 = N 〈ǫ〉0 =

8πV
h3 ∫ pF0 mc2 [{1+ (p/mc)2}1/2

− 1] p2dp, (94.8)
¥�ð  ¤�Èê ø

P0 =
13NV 〈pu〉0 =

8π3h3 ∫ pF0 mc2 (p/mc)2
{1+ (p/mc)2}1/2 p2dp. (95.8)57



�î ¢�¢ ö�È÷ ¢�ªüõ �±¨�½õ üÞî ��
N =

8πV m3c33h3 x3, (96.8)
E0 =

πV m4c53h3 B(x), (97.8)
P0 =

πm4c53h3 A(x), (98.8)�î
x =

pF

mc
=

(3n8π)1/3
h

mc
, (99.8)

A(x) = x(x2 + 1)1/2(2x2 − 3) + 3 sinh−1 x, (100.8)
B(x) = 8x3{(x2 + 1)1/2 − 1} −A(x) (101.8)�î Àþ¢ ¢�ªüõ .¢�¢ �þ�¤� x  °Æ�Â� üóøÀ� ¤¢ �¤ B(x) ø A(x)  â����  ¤�ÀÖõ 1939 ¤¢ ¤�Ø¨ �¤À÷��

lim
x→0 A(x)

B(x)
=

23
lim

x→∞

A(x)

B(x)
=

13ø Àª�� R  á�ãª �� ý�ùÂî �ó���î �î Ý��îüõÂê .´¨� üµ�±Æ÷�Âê ø üµ�±Æ÷  Â�è  À�  Â�Ñ÷ �î�î ´¨� ö� ñ¢�ã�  ¯Âª .Àª�� ö�ÆØþ ö�  Â¨�Â¨ ¤¢ ¥�ð  ¤�Èê
P0 =

α4π GM2
R4 , (102.8) ý�Î��¤ ¥� .¢�ªüõ ¯��Âõ ù¤�µ¨  �Â�  âþ¥��  üÚ÷�Ú� �� �î ´¨� ×þ  ý�±�Âõ ¥� ü±þÂ® α �î ý¤�Áðý�� �� ø (39.8)

x =

(9πM8mp

)1/3
h̄/mc

R
, (103.8),´ª�¢ Ý�û��¡ ñ¢�ã�  ý�ÎÖ÷ ¤¢

A





{9πM8mp

}1/3
h̄/mc

R



 = 6πα( h̄/mc
R

)3 GM2/R
mc2 . (104.8)58



ù¤�µ¨  �Â� �Î��¤ ßþ� ¤¢ �î Ý����üõ .À�þ�ðüõ À�Ô¨  ý�ó���î  á�ãª ø �Â�  ý�Î��¤ �¹�µ÷ ßþ� �� �Â� �� ö�  üÈ÷�Âð  ý�Â÷� ø öøÂµØó�  ö�µ³õ�î  ��õ  ñ�Ï �� ù¤�µ¨  á�ãª ,ö��øÂ�  �Â� ��.¢�ªüõ �Æþ�Öõ  ö�Ø¨
R ≈ 108cm �ó���î  á�ãª Âð� �î Àþ¢ ¢�ªüõ Ýþ¤�¢ ¤��µ¡� ¤¢ �î ý¢Àä  Âþ¢�Öõ ¥� ù¢�Ôµ¨� ��.Ýþ¥�¢Â�üõ R≪ 108cm ø R≫ 108cm  À� ø¢ �� ��ßþ� ¤¢ �õ .x ≈ 1 ù�ðö��¹�µ÷ ¤¢ .A(x) ≃ 85x5 �¹�µ÷ ¤¢ ø x≪ 1 ù�ðö� R≫ 108cm Âð� .�

R ≃

(3(9π)2/340α h̄2
Gmm

5/3
p

)

M−1/3. (105.8)
Å� .A(x) ≃ 2x4 − 2x2 �¹�µ÷ ¤¢ ø x≫ 1 ù�ðö� R≪ 108cm Âð� .�

R ≃
(9π)1/32 h̄

mc

(

M

mp

)1/3{1−

(

M

M0)2/3}1/2
, (106.8)ö� ¤¢ �î

M0 =
964 (3πα3)1/2

(h̄c/G)3/2
m2

p

. (107.8)
.À��î �Æþ�Öõ À�ª¤�¡  �Â� �� �¤ M0 :ßþÂÞ�©�ù¥�À ÷� Àª� � Â µÈ� � � ó� �� î  �Â� ��Âû ´Æ¿÷ �î ´¨� ßþ� Ý þ¥�õ�üõ �� ßþ� ¤¢ �� ö�Âð� âì�ø ¤¢ .À÷��¡üõ ùÀû�Èõ �� �î Àª�� ÂµÈ�� À÷���üÞ÷ M0 ¥� �ó���î  �Â� �ø¢ .´¨� Â�×��î.¢Â�Ú� �¤ ù¤�µ¨  Ç±õ¤  ý�Ü� À÷���üÞ÷ ÂÚþ¢ üóøb� � ¢ÂÏ  Û¬� Àª�� ÂµÈ�� M0 ¥� ù¤�µ¨  �Â�.À�þ�ðüõ ¤�Ø¨�¤À÷��  À� ö� �� �î ´¨� À�ª¤�¡  �Â�  Â��Â� 1.44  ¢øÀ� M0 ´¨¤¢  ¤�ÀÖõ
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Ý�� ý¤�õ� ñÀõ 5-8 ý�ûÝ ��  ý�Â � (1928) Fermi (1927) Thomas üõÂê-§�õ� �  ñÀõ ü÷� þ� �  Ç¿� ßþ� ¤¢ ý�µÆû ,�ûñ�Øó�õ  ü¨¤Â�  ý�Â� ´�Öê�õ �� ��¬� üÞî �� ñÀõ ßþ� .Ý��îüõ �ãó�Îõ �¤ ß�Ú�¨ Ý�� ×þ ý�ûöøÂµØó� �î ´¨� ßþ� ñÀõ ßþ� ¤¢ ü¨�¨�  Âê .´¨� �µê¤ ¤�î �� �û¤�Ü � ø �ûÝ��´¨� Â�Ýî pF ¥� öøÂµØó� Âû  ý�÷�Ø� ø ¤ßþ�¥� .´Æ÷�¢ ßÚú±� �f õ�î  ü÷��õÂê  ¥�ð ¢�ªüõ �¤ ß�Ú�¨,¢�ªüõ ù¢�¢ Âþ¥  ý�Î��¤ �� �î
pF = (3π2n)1/3h̄. (108.8) À� Å� .´¨� ~r ö�Øõ ¥� ü½þÂ¬  â��� n(~r) üó�Ú� ø ´Æ�÷ ´¡��÷×þ �ó�bÆõ ßþ� ¤¢ ��¤£  âþ¥��´¨¤¢ ü÷�õ¥ ø ´¨� ×�¨�î �Þ�÷ ü�ªø¤ �� Ó�¬�� ßþ� .´¨� ö�Øõ ¥� üã��� pF ü�ãþ �÷�Ø�  ý��� ¤�Ï �� n(~r) ö� ¤¢ �î Àª�� üÜ¬��ê ¥� Â�×��î ¤��Æ� �ûöøÂµØó�  ýøÂ�ø¢  ��õ  ñ�Ï �î ´¨�.´¨� ¤�ÂìÂ� ß�Ú�¨  ý�ûÝ�� ¤¢ ¯Âª ßþ� .À�îüõ Â��ç� ý��Ñ��õ  Û��ì�� ~r  ý�ÎÖ÷ Âû ¤¢ üõÂê  ý�þ¤¢  ý��� ¤¢ öøÂµØó� ×þ  ý�Â÷�

ǫ(~r) =
p2F (~r)2m − eφ(~r). (109.8)¤��µ¡� ý¤�Ï �¤ φ  Û�Æ÷�µ� ¢�ªüõ ýøÂî  ö¤�Ö�  Âê �� .¢�ªüõ ù¢�¢ pF = 0 �� ù�Úµ¨¢  ¥Âõ¥� ÛÖµÆõ ø ´��� ý¤�ÀÖõ ý�Â÷� �î ´¨� ßþ� ù�Úµ¨¢  üþ�µÆþ�  ¯Âª .φ(r) = 0 ¥Âõ ¤¢ �î ¢Âî,¢�ªüõ ù¢�¢ Âþ¥  ¯Âª �� �µÆþ� ù�Úµ¨¢ �î ÝþÂ�îüõ �¹�µ÷ ǫ = ¥Âõ ¤¢ �î �� ö� ¥� .Àª�� ö�Øõ

p2F (~r)2m − eφ(~r) = 0. (110.8),À�îüõ ëÀ¬ ö�¨���  ý�ó¢�ãõ ¤¢ φ(~r) �µÆþ�  ù�Úµ¨¢ ¤¢ ÂÚþ¢  éÂÏ ¥�
∇2φ(~r) = 4πen(~r). (111.8)60



�î ¢�ªüõ �¹�µ÷ ���  ý�ó¢�ãõ ø¢ ø (108.8)  ý�Î��¤ ¥�
∇2φ(~r) =

4e(2me)3/23πh̄3 {φ(~r)}3/2. (112.8) ý� ó¢� ã õ � � éøÂ ã õ � î Â þ¥  ý� ó¢� ã õ � î ´¨� ¤�Â ìÂ � ýøÂ î  ö¤� Ö � Ý þ�ù¢Â î Â ê ö�� � î,¢�ªüõ ù¢�¨ ´¨� üõÂê-§�õ��1
r2 d

dr

{

r2 d
dr
φ(r)

}

=
4e(2me)3/23πh̄3 {φ(~r)}3/2. (113.8) Àã�ü�  ý�ûÂ�çµõ  ÓþÂã� ��

x = 2( 43π)2/3
Z1/3me2

h̄2 r, (114.8)
Φ(x) =

φ(r)

Ze/r
, (115.8),¢�ªüõ ù¢�¨ Âþ¥  �¤�¬ �� (113.8)  ý�ó¢�ãõ ,´¨� üÞ��  ¢Àä Z �î

d2
dx2Φ(x) =

Φ(x)3/2
x1/2 . (116.8) À� ¤¢ �î �� ö� ¥� ø Φ(x0) = 0´¨� ´þ�ú÷ü� ¤¢ �î ¢Âî Âê ¢�ªüõ üð¢�¨  ý�Â� �î ¥Âõ ¤¢.¢Âî Û� �¤ Φ(x) ¢�ªüõ ¯Âª ø¢ ßþ� � � .Φ(0) = 1 �î ÝþÂ�ðüõ �¹�µ ÷ φ(r) → Ze/r ,r → 0,x≪ 1  ý�Â�

Φ(x) = 1− 1.5886x+
43x3/2 + · · · . (117.8),¢�¢ ö�È÷ x > 10  ý�Â� 1932 ¤¢ ÀÜêÂõ¥

Φ(x) ≃







1+

(

x3144)λ






−1/λ

, λ ≃ 0.257. (118.8)üóø�÷ üã��� Φ(x) �î À÷¢�¢ ö�È÷ ý¢Àä  ý�±¨�½õ �� Caldwell ñøÀó�î ø Bush ©�� 1931 ¤¢.À÷¢¤ø� ´¨¢ �� �¤ ö�  ¤�ÀÖõ ø ´¨�61



Ýþ¤ø� ´¨¢ �� �¤ ü÷øÂµØó� ¥�ð  Ûî  ý�Â÷� Àþ�� Ý��  üÚµÆ�  ý�Â÷�  ö¢¤ø� ´¨¢ ��  ý�Â�.´¨� 35ǫF = 35eφ(r) öøÂµØó� Âû  ý�Â� �î üÈ±��  Í¨�µõ  ý�Â÷� .´¨� �ÜÞ� �¨  Ûõ�ª �î,ü÷øÂµØó�  Â�� ø �µÆû �� Ç�îÝûÂ�  Ýú¨ ß���Ýû
E0 =

35 ∫ ∞0 φ(r)n(r).4πr2dr − e

∫ ∞0 [

Ze

r
+
12 {φ(r) −

Ze

r

}

]

n(r).4πr2dr. (119.8) Ýú¨  ý�±¨�½õ ¤¢ �î Ýþ�ù¢Âî ´ì¢ ���  ýø�Æ�  ´¨�¤  ´Þ¨ ¤¢ �ø¢  ý�ÜÞ�  ßµª�÷ ¤¢¢�¢ ö�È÷ ¢�ªüõ .Ý��î �À� �¤ φ(r) ¤¢ �µÆû  Û�Æ÷�µ�  Ýú¨ ü÷øÂµØó�  Â�� �� �ûöøÂµØó�  Ç�îÝûÂ��î
EB = −E0 = 1.538Z7/3χ,.´¨� ö�ø¤À�û  Ý��  üÚµÆ�  ý�Â÷� χ = e2/2aB ≃ 13.6eV �î
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9 ÛÊê
��¤£ Ç�îÝûÂ� Ýú¨ ø ý��ª�¡ ÍÆ�

×�¨�î ¥�ð ¤�õ�¤¢
�¤ ×�¨�î ¥�ð ¤¢ ��¤£ Ç�îÝûÂ� Ýú¨  ý�±¨�½õ  ý�Â� ý��ª�¡  ÍÆ�  ©ø¤ ÛÊê ßþ� ¤¢��  ý�õ¢ ¤¢ Ýû ö� ø �û¥�ð  ¢¤�õ ¤¢ Ýþ¥�õ�üõ �� ö� Àþ¢ Ý�û��¡ �î ¤�Ïö�Þû .Ý��îüõ �ãó�Îõ.´ª�¢ Àû��¡ ¢Â�¤�î ¢�þ¥ üê�î  À�×�¨�î ¥�ð ý�Â� ý��ª�¡ ÍÆ�.À��îüõ Ç�îÝûÂ� ø¢��ø¢ ö�  ýùÀ�û¢ Û�ØÈ�  ��¤£ �î ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ üÊó�¡ ø üÞ�� ×�  ¥�ð ü÷�µÜ�Þû .Àª�� ø¢ö�  ü±Æ÷  ö�Øõ  ¤�¢Â� ¥� üã��� �ú�� ù¤£ ø¢  Ç�îÝûÂ�  Û�Æ÷�µ� �î À��îÂê�� ù�Úµ¨¢

H =
∑

i

(

~p2i2m)+
∑

i<j

uij(~ri − ~rj), i, j = 1,2, · · · , N, (1.9)
63



ý�ù¤£-ø¢  Ç�îÝûÂ� N(N − 1)/2  á�Þ¹õ Û�Æ÷�µ�  ý�ÜÞ� üã�±Ï  ¤�Ï �� .¢�ª üõ ù¢�¢,¢�ªüõ ù¢�¢ Âþ¥  ý�Î��¤ �� ù�Úµ¨¢  ©¤��  â��� .´¨�
QN =

1
N !h3N

∫

exp







−β
∑

i

(

~p2i2m)− β
∑

i<j

uij







d3Npd3Nr

=
1

N !λ3N

∫

exp







−β
∑

i<j

uij







d3Nr

=
1

N !λ3N
ZN (V, T ), (2.9) ñ�Â Ú µ ÷� ZN (V, T ) � � .´¨� ü þ� õÂ ð  ß � Ú ÷� � õ  �� õ  ñ� Ï λ = h/(2πmkT )1/2 ö� ¤¢ � î,À�þ�ðüõ ù�Úµ¨¢  ýÀ��ÂØ��
ZN (V, T ) =

∫

∏

i<j

e−βuijd3Nr. (3.9) â��� ¤�î ßþ�  ý�Â� .´¨� ZN (V, T )  ý�±¨�½õ  ý�Â� üªø¤  ý�þ�¤� ý��ª�¡  ÍÆ� ¥� éÀû
fij = e−βuij − 1, (4.9)ù�ðö� Àª�� ¢�þ¥ üê�î  À� �� �õ¢ Âð� ùø�ä �� .fij = 0Ç�îÝûÂ�  ¢�±÷ ¤¢ .Ý��îüõ ÓþÂã� �¤ ñ�ÂÚ µ ÷� � î ¢�ªüõ/´¨� °¨� � õ �� �  ý�û� õ¢  À� ¤¢ Å� .fij ≪ 1Ç�îÝûÂ �  ¤�Ì� ¤¢� � �¤ ZN Õ þÂ Ï ß þ� � � ø ¢Â î � þ�¤� fij  °Æ �Â � ü ÎÆ �  �¤�¬ � � �¤ ù� Ú µ ¨¢  ýÀ � �Â Ø � �,Ý��î �±¨�½õ  ñ�µ¡� ©ø¤

ZN (V, T ) =

∫

∏

i<j

(1+ fij)d
3Nr

=

∫

(1+
∑

fij +
∑

fijfkl + · · ·
)

d3r1d3r2 · · · d3rN . (5.9)´ì¢ �Àµ�� .´¨� ßªø¤ ���  �¤�±ä  ü�ãõ ÝþÂ�Ú� ��ej ø ��ei  ��¤£  ß��  Ç�îÝûÂ�  ¢�Þ÷ �¤ fij Âð�.À÷�ùÀª °�Âõ ö�ªüð¤��  ý�±�Âõ  °Æ� Â� ��Þ� ���  �¤�±ä ¤¢ fij ≪ 1 ö�� �î Ý��îüõ ý�Â� �î Àû¢üõ �¤ ý¤�ÀÖõ ö�Þû ZN  ý�Â� üã�±Ï  ¤�Ï �� ´¨� fij = 0  Â�Ñ÷ �î ñø�  ý�ÜÞ�64



ü�ãþ Ýþ¢¤ø� ´¨¢ �� 3  ÛÊê ¤¢ Ç�îÝûÂ�ü�  ¥�ð
Z(0)(V, T ) = V N , ⇒ Q(0)(V, T ) =

V N

N !λ3N
. (6.9)Ç�îÝûÂ � ¥� �î ü½�½Ê� ß� óø� �î Àþ�ðüõ (5.9)  ý�ó¢�ãõ ¤¢ ZN  ÍÆ� ¤¢ �ø¢  ý�ÜÞ�ø Ý þÂ �Ú � ÂÑ ÷ ¤¢ �¤ � û ö�  ý� �ø¢  Ç�îÝûÂ �  Ýú¨ �ú � � ù¤£ N  ß � � ¥� � î ´¨� ö� À þ�üõ�¤ üþ��ø¢ ø¢  Ýú¨ ��¨  ý�ÜÞ� .Ý��î ¤�ÂØ� ßØÞõ  ý�ûüþ��ø¢  ��Þ�  ý�Â� �¤ ¤�î ßþ� �µ±ó�ßØÞõ �û´Ô� ßþ� .ÝþÂ�Ú� ÂÑ÷ ¤¢ �¤ ßØÞõ  ý�ûüþ��ø¢ ´Ô�  üõ�Þ� �î ��ãõ ßþ� �� .Àû¢üõ ´Ô� ¤¢ �î ´¨� ßþ� ¤¢ ö�ª  ëÂê .(i, j)(k, l)  �¤�¬ �� �þ À�ª�� (i, j)(j, k)  �¤�¬ �� ´¨�ø (i, j)  üþ��ø¢ ø¢ �� (i, j)(k, l)  üþ��¤�ú� ��Î¬� �� ø À÷� ÛÖµÆõ Ýû ¥� �ûüþ��ø¢ (i, j)(k, l),´¨� ÂþÁ��À� (k, l)

∫

d3Nrfijfkl =

(∫

d3rid3rjfij

)(∫

d3rkd3rlfkl

)

V N−4, (7.9),´Æ�÷ üþ��ø¢ ø¢  �Â®  Û¬�� (i, j)(j, k)  üþ���¨ üóø
∫

d3Nrfijfjl =

(∫

d3rid3rjd3rkfijfjk

)

V N−3, (8.9) Û õ� ª � î À û¢ü õ �¤ ü þ� �ø¢ � ¨  Ý ú ¨ �¤� ú �  ý� Ü Þ � .´ ¨� Â þÁ �� ÷�À � �� Î¬� � � øø ÂþÁ��÷�À�  üþ��ø¢ ×þ ¤¢ ÂþÁ��÷�À�  üþ��¤�ú� ×þ  �Â®  Û¬�� ,ÂþÁ��÷�À�  ý�ûüþ��Çª.´¨� ÂþÁ��÷�À�  üþ���¨ ø¢  �Â®  Û¬��
l  �Â®  Û¬�� ¥� üãÞ�  �¤�¬ �� ¢�ªüõ �¤ (5.9)  âÞ� �î ¢�ªüõ ��Üãõ ���  ¶½� ¥� ý�û�ª�¡  üõ�Þ�  ¤�ÀÖõ  âÞ� �� ÂþÁ��÷�À�  üþ��-l×þ  ¤�ÀÖõ .´ª�÷ ÂþÁ��÷�À�  ý�ûüþ��- ü þ� ��¨ ×þ  ý�Â � �f · õ .¢¤�¢ üÔ Ü µ¿õ  á�� ÷� ý�� ±�-l  ý�ª�¡ .¢�ªüõ ù¢�¢ ý�� ±�-l á�÷ ¥� ý��±�-�¨  ý�ª�¡ �¨ ��ek ø ��ej ,��ei  ��¤£  Ûõ�ª ÂþÁ��÷�À�

∫

d3Nrfijfjk =

(∫

d3rid3rjd3rkfijfjk

)

V N−3, (9.9)65



 á�÷ ¥� ý��±�-�¨  ý�ª�¡ ×þ ø
∫

d3Nrfijfklfki =

(∫

d3rid3rjd3rkfijfjkfki

)

V N−4. (10.9) (ý��ó����) ¤�µ¡�¨ �� �ú�� ý��±�-l  ý�ª�¡ Âû  Â�Ñ÷  ¤�ÀÖõ �î ´¨� ßþ� Ýúõ .¢¤�¢ ¢��ø ö�Øõ  ýø¤ ö�  ý�±¨�½õ ¤¢ �î ´¨� ßþ� Ýû ÇÜ�ó¢ .�û�±�  °Æ�Â� �� �÷ ø ¢¤�¢ üÚµÆ� ö�.¢�ªüõ �µêÂð ñ�ÂÚµ÷� �±� Âû  Â�Ñ÷  ýù¤£ °Æ� Â� Ç�îÝûÂ� ¥� üª�÷  ��Þ�  ö¢Âî °�Âõ  ý�� �� ¢�ªüõ ZN  ý�±¨�½õ  ý�Â� Å��¤ ��¤£ �Àµ�� .Ý��î ÛÞä Âþ¥  �¤�¬ �� Ýþ¢�¢ ��¹÷� (5.9) ¤¢ �î �� ö� ü�ãþ ö�ªüð¤��  ý�±�Âõ�î ´¨� ��Üãõ .Ý��îüõ �µ¨¢ ÂþÁ��÷�À�  üþ��-l ml ¤¢
N
∑

l

lml = N, ml = 0, · · · , N. (11.9)�� �¤ ¤�î ßþ�
N !

(1!)m1(2!)m2 · · · =
N !

∏

l(l!)
ml
, (12.9)ý��±�-l  ý�û�ª�¡  ¤�µ¡�¨ �� �ú�� ÂþÁ��÷�À�  üþ��-l×þ  ¤�ÀÖõ ö�� .¢�¢ ��¹÷� ¢�ªüõ ´ó��¤�� w{ml} ,{ml}  °��Â� Âû ¢¤�¢ üÚµÆ� �û�±�  °Æ�Â� �� �÷ ø

w{ml} =

( 1
m1! 1

m2! · · ·) N !

(1!)m1(2!)m2 · · · =

(

∏

l

1
ml!

)

(

N !
∏

l(l!)
ml

)

, (13.9)¤¢ �¤ ù¤£ N �î À þÂ �Ú � ÂÑ ÷ ¤¢ �¤ ü¬�¡ ´ó�� ñ� · õ  ý�Â � .¢�ªüõ ¤�ÂØ � ZN  ý�±¨�½õ ¤¢�ú�� ý��ÜÞ� ß��� �õ� ´¨� ÂþÁ�ö�Øõ� ´ó�� N !/(1!)N �� ¤�î ßþ� .Ý��î °�Âõ üþ��-×þ m1 = N¤¢ ù¤£ N  ö¢Âî °�Âõ ÂÚþ¢  «�¡  ´ó�� .((5.9) ¤¢ ñø�  ý�ÜÞ�) ¢�ªüõ Âû�Ò ZN ¤¢ ¤�� ×þßþ� �õ� ¢�ªüõ ��¹÷� ´ó�� N !/{(1!)N−2(2!)1} �� ¤�î ßþ� .´¨� üþ��×þ (N − 2) ø üþ��ø¢ ×þø¤ßþ�¥� .((5.9) ¤¢ �ø¢  ý�ÜÞ�) ¢�ªüõ ¤�ÂØ� ¤�� N(N − 1)/2 �ú�� ZN ¤¢ �ÜÞ�
ZN (V, T ) =

∑

{ml}

w{ml}

∏

l

sml
l , (14.9)66



,Ý�û¢üõ ´±Æ÷ �¤ bl  ¤�ÀÖõ ÂþÁ��÷�À�  üþ��-l Âû �� .´¨� ÂþÁ��÷�À�  üþ��-l  ¤�ÀÖõ sl �î
bl =

1
l!λ3(l−1)V

sl, (15.9)�� �î ö�  ¤�ÀÖõ V → ∞  À� ¤¢ ùø�ä �� .´¨� Àã�ü� üµ�Þî bl �î ´¨� ßþ� ¤¢ ÓþÂã� ßþ�  ©¥¤�Âû  ý�±¨�½õ ¤¢ �î ´¨� ßþ� éÂ� ßþ�  Û�ó¢ .´¨� ÛÖµÆõ éÂÒ  ��Ê¿Èõ ¥� Ý�û¢üõ ö�È÷ b̃l ö�Øõ  ýø¤ ñ�ÂÚµ÷�  ßµêÂð �� �¤ �±� (l − 1)  ö�Øõ  ýø¤  ñ�ÂÚµ÷� ¢�ªüõ ý��±�-l  ý�ª�¡ ß��  ý�ûøÂ�÷  ¢øÀ½õ  ¢Â�  ÂÏ�¡ �� V → ∞  À� ¤¢ .¢�¢ ��¹÷� ��el  ý�±� �� ´±Æ÷ �ûö��î Àû¢üõ V ×þ ��el  ý�±�  ö�Øõ  ýø¤ ýÂ�ðñ�ÂÚµ÷� .´¨� ÛÖµÆõ éÂÒ  ÛØª ¥� �¹�µ÷ ý�ù¤£.¢�ªüõ ù¢�¨ (15.9) ¤¢ ÂÆî  �Â¿õ ¤¢ V ��,´ª�¢ Ý�û��¡ (14.9) ¤¢ (13.9) ø (15.9)  ý¤�Áðý�� ��
ZN (V, T ) = N !λ3N

∑

{ml}

[

∏

l

{

(

bl
V

λ3)ml 1
ml!

}]

, (16.9) ý�±¨�½õ ¤¢ À�ì ßþ� .À��îüõ ù¢¤ø�Â� �¤ (11.9)  À�ì �î ´¨� üþ�û{ml}  ýø¤ âÞ� ö� ¤¢ �î�î ¢�¢ ö�È÷ ¢�ªüõ üð¢�¨ �� .¢�ªüÞ÷ ¢¤�ø ï¤��  ©¤��  â���1
V

lnL =
1
λ3 ∑

l

blz
l. (17.9),Ýþ¤�¢ V → ∞  À� ¤¢

P

kT
= lim

V →∞

(1
V

lnL

)

=
1
λ3 ∞
∑

l=1 b̃lzl, (18.9)
N

V
= lim

V →∞

(

z

V

∂ lnL

∂z

)

=
1
λ3 ∞
∑

l=1 lb̃lzl. (19.9).´¨� éøÂãõ Mayer-Ursell Û¨¤�e-Âþ�õ  ©ø¤ ¤¢ ý��ª�¡  ÍÆ� �� �¹�µ÷ ßþ�
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ñ�þÂþø ÍÆ�,Àþ�üõ ´¨¢ �� ���  ý�Î��¤ ø¢ ¤¢ z  éÁ� �� ¥�ð  ´ó��  ý�ó¢�ãõ
Pv

kT
=

∞
∑

l=1 al(T )

(

λ3
v

)l−1
, (20.9),À�þ�üõ ´¨¢ �� Âþ¥  ý�Î��¤ ¥� ñ�þÂþø  °þ�Â® .v = V/N ö� ¤¢ �î

al =























b̃1 = 1, l = 1,
−b̃2, l = 2,
− l−1

l βl−1, l ≥ 2. (21.9),¢Â�üõ Ýú¨ ÂþÁ��÷Çû�î  ý�û�ª�¡ ¥� �ú�� �î ´¨� bl  Û·õ üµ�Þî βl

βl−1 =
1

(l − 1)!λ3(l−1)
sirr
l , (22.9)ÂþÁ��÷Çû�î  ý��±�-l  ý�ª�¡ .´¨� ÂþÁ��÷Çû�î  ý��±�-l  ý�û�ª�¡  üõ�Þ�  âÞ� sirr

l �îÀ��Ø÷ âÎì �¤ ÂÚþ¢Ýû �î ÛÖµÆõ  Â�Æõ ø¢ ö�  ý�±� ø¢ Âû  ß�� �î ´¨� ý��ª�¡ ÓþÂã�  Õ±Ï ý��±� �¨  ý�ª�¡ �ú� � ùÀª ù¢�¢ (10.9)  ý�ó¢�ãõ ¤¢ �î ý��±� �¨  ý�ª�¡ .¢¤�¢ ¢��ø�µ¡�¨ fijfjk �þ fik ý�û(link) Û�  ö¢Âî ñ�±÷¢ �� �î Â�Æõ ø¢ �� k ø i  ý�û�±� :´¨� ÂþÁ��÷Çû�î�î ¢�¢ ö�È÷ Âþ�õ  1Ý÷�¡ 1937 ¤¢ .À÷� Û¬ø Ýû �� ¢�ªüõ
bl =

1
l2 ∑

{mk}

l−1
∏

k=1 (lβk)
mk

mk!
, (23.9),À��îüõ ëÀ¬ Âþ¥  ¯Âª ¤¢ �î ´¨� üþ�û{mk}  ýø¤ âÞ� ö� ¤¢ �î

l−1
∑

k=1kmk = l − 1, mk = 0,1,2, · · · . (24.9) ¥ ¤�Ý û (23.9)  ý�Î ��¤ � î À ÷¢�¢ ö� È ÷ 1953 ¤¢ Kilpatrick ×þÂ �� �Û � î ø 1942 ¤¢ Â þ� õ,´¨� Âþ¥  ý�Î��¤
βl−1 =

∑

mi

(−1)
∑

i
mi−1 (l − 2+

∑

imi)!

(l − 1)!

∏

i

(ibi)
mi

mi!
, (25.9).´¨� �þÂµ� ¥� À�î�� 168



,À��îüõ ù¢¤ø�Â� �¤ Âþ¥  ¯Âª �î ´¨� üþ�û{mi}  ýø¤ âÞ� ö� ¤¢ �î
l
∑

i=2(i− 1)mi = l − 1, mi = 0,1,2, · · · . (26.9).¢¤�¢ üÚµÆ� b1, b2, · · · , bl �� �ú�� al  ñ�þÂþø  °þ�Â® �î ¢�ªüõ ��Üãõ �� ßþ� ¥�Åó�ø¤À÷ø ý�ó¢�ãõüê�î ´¨� ×þ¢�÷ ñ�ùÀþ�  ¥�ð �� ö�  ¤�µê¤ �î ý¥�ð  ´ó��  ý�ó¢�ãõ  ö¢¤ø� ´¨¢ ��  ý�Â�ø¢ �ú�� �õ ��ßþ� ¤¢ .´êÂð ÂÑ÷ ¤¢ �¤ ñø�  ý�ÜÞ� À�� �ú�� (20.9)  ñ�þÂþø  ÍÆ� ¤¢ �î ´¨� ß��  Ç�îÝûÂ�  ý�Â� ù¢�¨ ¤��Æ�  ñÀõ ×þ �î Ý�û¢üõ ö�È÷ ø ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ ñø�  ý�ÜÞ�ö� ¤¢ �î (20.9)  ÍÆ� ¤¢ ñø�  ý�ÜÞ� .¢¤ø� ´¨¢ �� �¤ Åó�ø ¤À÷ø  ´ó��  ý�ó¢�ãõ ��¤£ ý�±¨�½õ  ý�Â� .Àû¢üõ �¤ ñ�ùÀþ�  ¥�ð  ¤�µê¤ ö�Þû a1 = 1
a2 = −b̃2 =

2π
λ3 ∫ ∞0 (1− e−u(~r)/kT )r2dr, (27.9)Ý��îüõÂê

u(r) =











∞ r < r0,
−u0 ( r0

r

)6
r > r0. (28.9),´¨� ���e-¢¤��ó  Û�Æ÷�µ� ñÀõ ßþ�  �����

u(r) = 4ǫ [(σ
r

)12
−

(

σ

r

)6]
. (29.9)¤¢ ¢�ª Â�Ýî r0 ¥� ù¤£ ø¢  ý�Ü¬�ê Âð� .Àû¢üõ r0 = 21/6σ ¤¢ u(r0) = −ǫ �¤ Û�Æ÷�µ�  ý���Þî ǫ(u(r)r<r0 → ∞) ÂþÁ��÷ £�Ô÷  ýùÂî  °þÂÖ� ø ¤ ßþ� ¥� .À�îüõ Àª¤ ö�úð�÷ �ãê�¢ ���-¢¤��ó  ñÀõ�� .¢¤�¢ Ýú¨ ñø�  ý�ÜÞ� �ú�� ü��¡  °þÂÖ� �� ���-¢¤��ó  ñÀõ ¤¢ Ýû r > r0  ý�Â� .À�îüõ ¤�î,Ýþ¤�¢ (27.9) ¤¢ (28.9)  ý¤�Áðý��

a2 =
2π
λ3 [∫ r00 r2dr +

∫ ∞

r0 [1− exp

{

u0
kT

(

r0
r

)6}]
r2dr] . (30.9)69



 °þÂÖ�  ×Þî �� ���  ý�ó¢�ãõ ¤¢ �ø¢  ý�ÜÞ� ¤¢ ù¢ñ�ÂÚµ÷� ù�ð ö� u0 ≪ kT Ý��î Âê Âð�Â� §�¨� ¥� Û¨¤�-Âþ�õ  ý��ª�¡  ÍÆ� �î �Â� ´¨� �� �� Âê ßþ� .¢�ªüõ ù¢�¨ ex ≃ 1+ x,´ª�¢ Ý�û��¡ �� ßþ� ¥� .´¨� ¤��µ¨� ü®Âê ß���
a2 ≃

2πr303λ3 (1−
u0
kT

)

. (31.9)´ª�¢ Ý�û��¡ (20.9) ¤¢ ý¤�Áðý�� ��
P ≃

kT

v

{1+
2πr303v (1−

u0
kT

)

}

. (32.9),´ª�÷ Åó�ø ¤À÷ø  ý�ó¢�ãõ  ÛØª �� ¢�ªüõ �¤ �¹�µ÷ ßþ� �±¨�½õ üÞî ��
(

P +
2πr30u03v2 )

≃
kT

v

(1+
2πr303v )

≃
kT

v

(1−
2πr303v )−1

, (33.9)�¹�µ÷ ¤¢ ø
(

P +
a

v2) (v − b) ≃ kT, (34.9)ö� ¤¢ �î
a =

2πr30u03 , b =
2πr303 = 4v0. (35.9)¤�ú� Åó�ø ¤À÷ø  ý�ó¢�ãõ ¤¢ b �î ´¨� ö� °ó�� .´¨� ÂþÁ��÷ £�Ô÷  ýùÂî  Ý¹� v0 ö� ¤¢ �î.Àþ�üõ¤¢ ��¤£  üä�÷  Ý¹�  Â��Â�
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10 ÛÊê
¥�ê ¤�Áð

ù�Úµ¨¢ ×þ  ×�õ��þ¢�õÂ� ¤¢ üÚµ¨����÷ ×þ  ¥øÂ� �� �î ´¨� üþ�ûùÀþÀ�  üõ�Þä  ��÷ ¥�ê ¤�Áð ��¤£ Ç� îÝûÂ � ° Üè� ùÀ þÀ � ß þ� ¤¢ .´¨� � û¥� ð  Ç ó� Ú� ö�  ý� � ª�  ñ� · õ .´¨� ù�Â Þ û×þ �µ±ó� ü÷ø¥��  ñ�ùÀþ�  ¥�ð ¤¢ ß�µÈ�þ�-¥��  Çó�Ú� .¢¤�¢ ü¨�¨�  ÇÖ÷ ù�Úµ¨¢  ýùÀ÷¥�¨.¢¤�¢ «�Êµ¡� ¥�ê  ¤�Áð  ý�Â� ý¤�õ�  ýù¢�¨  ñÀõ À��  ý�ãó�Îõ �� ÛÊê ßþ� .´¨� ��·µ¨�
Çó�Ú� ý�Â� Âþ�õ ñÀõ 1-10 ý�Î��¤ �� ©¤��  â��� Âþ�õ  ý�þÂÑ÷ ¤¢

QN (V, T ) =
∑

{ml}

[

∏

l

{

(

bl
V

λ3)ml 1
ml!

}]

, (1.10) À�ì �î ´¨� üþ�û{ml}  ýø¤ âÞ� ö� ¤¢ �î ¢�ªüõ ù¢�¢
N
∑

l

lml = N, ml = 0, · · · , N, (2.10)Ý�û��¡ �õ� .À÷¤�À÷ QN ¤¢ üÞú¨ (l ≫ 1) ï¤��  ý�û�ª�¡ ���  ý�û�õ¢ ¤¢ .À��îüõ ù¢¤ø�Â� �¤ ¥ ¤�Ýû ö�� �üõ �¤ ë�Ô �� ßþ� .À ÷�ªüõ Ýúõ �Àª �� ��Þ� ßþ� ö�úð� ÷ � õ¢  Çû�î � � �î Àþ¢71



.Ý��îüõ �ãó�Îõ ï¤��  ý�ûl  ý�Â� �¤ ml  ¤�µê¤ ùÀþÀ� ßþ�  ü¨¤Â�  ý�Â� .´êÂð ¥�ð  Çó�Ú� Â��Â� �¤ lnQN ü��¡  °þÂÖ� �� ¢�ªüõ �î Ý�÷�¢üõ .Ý��îüõ ��Æ� �¤ QN �Àµ�� ¤�î ßþ�  ý�Â�,´êÂð ö�  ý�ÜÞ� ßþÂ�ï¤��  Ýµþ¤�Úó
lnQN ≃

∑

l

m∗
l

{

ln

(

blV

λ3 )− lnm∗
l + 1} , (3.10),À÷�ªüõ ù¢�¢ Âþ¥  Íþ�Âª �� �ûm∗

l �î
∑

l

{

ln

(

blV

λ3 )− lnml

}

δml = 0, (4.10)
∑

l

lδml = 0. (5.10),¢Âî Û� ¢�ªüõ �¤ ���  ��¢�ãõ Ä÷�Âð�  ß�ãõ�÷  °þ�Â®  ©ø¤ ��
ln

(

blV

λ3 )− lnm∗
l − αl = 0, ⇒ m∗

l =
V

λ3 ble−αl. (6.10),Ýþ¤�¢ (3.10) ¤¢ ý¤�Áðý�� ��
lnQ ≃

∑

l

m∗
l (αl + 1) = αN +

V

λ3 ∑
l

ble
−αl. (7.10)Ý����üõ lnL ≃ N ln z+ lnQN  °þÂÖ� ¥� ù¢�Ôµ¨� �� ø (17.9)  ý�ó¢�ãõ �� �Î��¤ ßþ�  ý�Æþ�Öõ ��ø ¤ßþ�¥� .α = − ln z �î

m∗
l =

V

λ3 blzl (8.10)�î (PV/kT ) =
∑

lm
∗
l �î ´¨� ��ãõ ßþ� �� ýÂ�ð �¹�µ÷ ßþ� �î Àþ¢ ¢�ª üõ (18.9)  ý�Î��¤ ¥�!ÀþÂ�Ú÷ ýÀ� �¤ Â�±ã� ßþ� .´¨� �û�ª�¡ ¥� üó�ùÀþ�  ¥�ð  ´ó��  ý�ó¢�ãõ ßþ�¥� .Ý��î ü¨¤Â� �¤ �ûbl  ¤� µ ê¤ Àþ� � �ûm∗

l  ¤� µ ê¤  öÀ�Þúê  ý�Â� �î ´¨� ��Üãõ (8.10) ¥��î Ýþ¤�¢ (23.9)
bl =

1
l2 ∑

{mk}

l−1
∏

k=1 (lβk)
mk

mk!
, (9.10)72



,À��îüõ ëÀ¬ Âþ¥  ¯Âª ¤¢ �î ´¨� üþ�û{mk}  ýø¤ âÞ� ö� ¤¢ �î
l−1
∑

k=1kmk = l − 1, mk = 0,1,2, · · · . (10.10)Ý�÷¥üõ °þÂÖ� (9.10)  ý�ó¢�ãõ  ´¨�¤  ´Þ¨ ¤¢ �ÜÞ� ßþÂµð¤��  Ýµþ¤�Úó �� �¤ ln bl ¥��
ln bl ≃ −2 ln l +

l−1
∑

k=1m∗
k {ln(lβk) − lnm∗

k + 1} , (11.10)ù¢�Ôµ¨� (10.10)  À�ì  ßµêÂð ÂÑ÷ ¤¢ �� m∗
k  ö¢Âî �À��  ý�Â� Ä÷�Âð�  ß�ãõ�÷  °þÂ®  ©ø¤ ¥� ø�î ´¨� ßþ� ���� .Ý��îüõ

m∗
k = lβke

−γk, (12.10),Ýþ¤�¢ (10.10) ¤¢ ý¤�Áðý�� �� .´¨� Ä÷�Âð�  ß�ãõ�÷  °þÂ® γ �î
∑

k

kβke
−γk =

l − 1
l

≃ 1. (13.10),Ýþ¤�¢ (11.10) ¤¢ (12.10)  ý¤�Áðý�� �� .À�îüõ ß��ã� �¤ γ âì�ø ¤¢ �ó¢�ãõ ßþ�
ln bl ≃ −2 ln l +

∑

k

m∗
k(γk + 1)

= −2 ln l + (l − 1)γ + l
∑

k

βke
−γk

≃ l

(

γ +
∑

k

βke
−γk

)

, (14.10)�¹�µ÷ ¤¢ .Àþ�üõ l  ö¢�� ï¤�� ¥� Â¡�  °þÂÖ� �î
bl = clb

l0, b0(T ) = exp

(

γ +
∑

k

βke
−γk

)

. (15.10),Ýþ¤�¢ ï¤��  ý�ûl  ý�Â� (8.10) ¤¢ ý¤�Áðý�� ��
m∗

l =
V

λ3 cl(b0z)l. (16.10)73



Âð� �õ� .m∗
l ≃ 0 �î �Â� À÷¤�À÷ ù�Úµ¨¢  ¤�µê¤ ¤¢ üÞú¨ ï¤��  ý�û�ª�¡ Àª�� z < b−10 Âð� Å�¢�ªüõ ÂµÈ�� zc = b−10  ü÷�Â½�  ¤�ÀÖõ ¥� z üµìø �¹�µ÷ ¤¢ .¢�ªüõ ¢�þ¥ ö�úð�÷ m∗

l ,z > b−10 ý�Î��¤ ¥� ¢�ªüõ �¤ zc  Â�Ñ÷ ü÷�Â½�  üó�Ú� .À÷Â�ðüõ ÛØª ÛÞä ¤¢ ï¤��  ý�û�ª�¡1
v

=
1
λ3 ∑

l≥1 lblzl, (17.10),À÷��¡ z = b−10  ý¤�Áðý�� ��1
vc

=
1
λ3 ∑

l≥1 lblbl0. (18.10)�¹�µ÷ ¤¢ .´ª�÷ lcl(b0z)l  �¤�¬ �� ¢�ªüõ �¤ (17.10) ¤¢ lblzl  ý�ÜÞ� ï¤��  ý�ûl  ý�Â�.¢�ªüõ ×��î ´äÂ¨ �� v �¹�µ÷ ¤¢ ø À÷�ª üõ ï¤�� �Àª �� ��Þ� ßþ� z > b−10  Âþ¢�Öõ  ý�Â� ýù¥�� ¤¢ �f Þä v ¥� üã���  ö���ä �� z  ¤�ÀÖõ .¢Âî ö��� Ýû ýÂÚþ¢  ¤�Ï ¢�ªüõ �¤ �¹�µ÷ ßþ� ñÀõ �¹�µ÷ ¤¢ .´¨� ¤�ÂìÂ� Ýû v ¥� üã���  ö���ä �� ¤�Èê  ý�Â� �¹�µ÷ ß�Þû .´¨� ´��� v ≤ vc.Àû¢üõ ´¨¢ �� �û¥�ð  Çó�Ú�  ý�Â� ý¤�îø¥�¨ Âþ�õ
Ù�þ�þ� ñÀõ 2-10 Ýú¨ ��¤£ üÈ±��  ý�Â÷� ø Àþ�üõ �ûÇ�îÝûÂ� ¥� Çó�Ú�  ýùÀþÀ� �î ÝþÀþ¢ Âþ�õ  ñÀõ ¤¢¥�ê  ¤�Áð Ý�þ�Ú� Âµú� �þ Çó�Ú� üÞa î  ü¨¤Â�  ý�Â� �î Ù�þ�þ�  ñÀõ .¢¤�À÷ ùÀþÀ� ßþ� ¤¢ ü÷�À��

N  Ûõ�ª ý��Ø±ª �� üØþ��ê  ù�Úµ¨¢ ,ñÀõ ßþ� ¤¢ .´¨� ¤��µ¨� ùÀû�Èõ ßþ� Â� ¢�ªüõ �µêÂð ¤�î ��
J = 12  ß�³¨� �� ü��¤£ �� �ûù�ðý�� ßþ� ÇÏ��çõøÂê  ýùÀþÀ�  Ó�¬�� ¤¢ .¢�ªüõ ù¢�¨ ù�ðý��×þ ¥� Â�Ýî üþ�õ¢ ¤¢ ÇÏ��çõøÂê  ¥øÂ� �� �þ�¨Ýû  ý�ûöøÂµØó�  Ç�îÝûÂ� ø ¢�ªüõ Â� (öøÂµØó�)ø À÷�ªüõ âþ¥�� ù�ðý�� N ¤¢ Ý�� Na < N ,�û¥�ð  ö�ã�õ  Ó�¬�� ¤¢ .Àõ�¹÷�üõ ü÷�Â½�  ¤�ÀÖõ ý�õ¢ ×þ ¥� Â�ß�þ�� üþ�õ¢ ¤¢ ö�ã�õ �� À�ª�� ÂÚþ¢×þ  üÚþ�¨Ýû ¤¢ �î üÞ�� ø¢ Âû  Ç�îÝûÂ�ü¨¤Â� �¤ üþ��ø¢  ý�û���ó� �þ �ûñ�Ü½õ ¤¢ ¥�ê  ¤�Áð ¢�ªüõ ©ø¤ ß�Þû �� .¢�ªüõ Â¹�õ ü÷�Â½�74



Ç�� ¤¢ �î �� ö� ¤¢ .À÷¤�¢ ü÷��¡Ýû ��Â¹� �� ü��¡ �� ñÀõ ßþ�  ý�þ��Â� ýÂÑ÷  ¸þ�µ ÷ .¢Âî ñÀõ  ÂÔ¬  ý�±�Âõ  °þÂÖ� ¥� ù¢�Ôµ¨� �� Å³¨ .Ýþ¥�¢Â�üõ Ù�þ�þ�  ñÀõ  ����� �� �Àµ�� Àþ�üõ¤¢ °¨��õ  ý¤�Áðý�� �� ö�þ�� ¤¢ .Ý��îüõ �ãó�Îõ Û�ÊÔ� �� �¤ ÇÏ��çõøÂê  ýùÀþÀ� Ù�þ�þ�Ý¹�-¤�Èê  ý�û¤�¢�Þ÷ ø Ý��îüõ ü¨¤Â� �¤ ��ãþ�õ  ö�ã�õ ÇÏ��çõøÂê �� ¯��Âõ  üþ�ú÷  Í��ø ¤.Ý��îüõ Ý¨¤ �¤ üä�÷  âþ�õ-¥�ð ×þ  ý�Â� (�õ¢Ýû)ïÂ±÷�þ�û ñÀõ ø üó¢�±� Ç�îÝûÂ� 1-2-10¥� ý��Ø±ª ,ÛØ�÷ �þ ßû�  Û·õ üþ�ûÅ�Ï��çõøÂê ¤¢ ý¢�¡��¢�¡  ÇÏ��çõ(øÂê)  ü¨¤Â�  ý�Â��� µB ¤��  ö�µ�Úõ  °Æ�Â� ù¤£ Âû  üÆ�Ï��çõ  ö�Þõ .ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ J  ß�³¨� �� ù¤£ NÅþ�ø  ñÀõ ¥� �f ·õ �î ýÂÑ÷  ¸þ�µ ÷ � � ü�Â¹�  ý�û¢�¢  ý�Æþ�Öõ �� .¢�ªüõ ù¢�¢ µ = gµBJ ÇÏ��çõøÂê ¤¢ Å�Ï��çõøÂê  ¢��õ ¤¢ �î ü��¤£  ß�³¨� �î ¢�ªüõ ��Üãõ Àþ�üõ ´¨¢ �� WeissýÂþÁ�Ýú¨ Â� ¸þ�µ÷ ßþ�  ýø¢Âû .g = 2 ß���Ýû ø ´¨� J = 12 ¢¤�¢ Ýú¨ �ûö�  ý¢�¡��¢�¡¥ .(À���±� ��µî ¤¢ �¤ 9.12  ÛØª) ¢¤�¢ ´ó�¢ ßî�¨  ý�ûöøÂµØó� ¥� �ú�� ÇÏ��çõøÂê  ý ùÀþÀ��� ùÀþÀ� ßþ� ¤¢ �¤ �ûöøÂµØó  ý¤�Àõ  ´îÂ�  Ýú¨ �þ ø �ûö�þ  üÆ�Ï��çõ  ö�Þõ ´Æ�÷ �¥� ø¤ßþ�öøÂµØó� �� �î ´¨� ù�ðý�� N  Ûõ�ª ü®Âê ý��Ø±ª �õ  ÂÑ÷  ¢¤�õ  ý�Ø±ª Å� .Ýþ¤ø��� ��Æ� Ç�îÝûÂ� üØþ ,´ª�÷ ¢¢�ªüõ �ÜÞ� ø¢  âÞ�  �¤�¬ �� �¤ �ûöøÂµØó�  Ç�îÝûÂ� .À÷� ùÀª Â�ü�ó�î
Kij =

∫

|ψi(~r1)|2 uij |ψj(~r2)|2 = ψ∗
i (1)ψ∗

j (2)uijψi(1)ψj(2), (19.10),¢¤�¢ üÞµ÷��î üµªÂ¨ �î ´¨� exchange üó¢�±�  ý�ÜÞ� ýÂÚþ¢ ø
Jij = ψ∗

i (1)ψ∗
j (2)uijψi(2)ψj(1). (20.10)
75



Âê �¤ ��ej ø ��ei  ý�ûöøÂµØó� �ú��  Ûõ�ª üû�Úµ¨¢  ��õ  â��� �ÜÞ� ø¢ ßþ�  öÀ�Þúê  ý�Â�ßþ�  ß�³¨� Âð� Å� .´¨� ö¤�Öµõ¢�� üóø��  ¢ÂÏ  Û¬�  Õ±ÏÂ� ù�Úµ¨¢ ßþ�  ��õ  â�� � .À��îüþ�Ìê  ��õ  â��� ´¨� ö¤�Öµõ¢�� ö�  ü��³¨�  ��õ  â��� ö�� Àª�� S = 0 ü÷øÂµØó� ø¢  ù�Úµ¨¢.¢�� Àû��¡ ö¤�Öµõ üþ�Ìê  ��õ  â��� Àª�� S = 1 ù�Úµ¨¢  ß�³¨� Âð� ß���Ýû .Àª�� ö¤�Öµõ Àþ��ý�ù¤£ ×�  ��õ  â����  °Æ�Â� �¤ ü÷øÂµØó� ø¢  ù�Úµ¨¢ üþ�Ìê  ��õ  â��� ¢�È� Ý��î Âê Âð�:Àþ�üõ ´¨¢�� Âþ¥  �¤�±ä öøÂµØó� ø¢  Ç�îÝûÂ�  üµª�¢ÝÈ�  ¤�ÀÖõ  ý�Â� ù�ðö� ÝÆþ���
ǫij =











Kij + Jij S = 0,
Kij − Jij S = 1. (21.10)�î �� ö� ¥�

∆ǫij = ǫij(S = 1) − ǫij(S = 0) = −2Jij,

S = 1  Â�Ñ÷  Çþ�¤�  ��¿µ÷�  Â�Ñ÷ �î ÇÏ��ãõøÂê¢�� �þ ÇÏ��çõøÂê  Çþ�À�� �î ÝþÂ�ðüõ �¹�µ÷¤¢ üÞú¨ ü�ó�î  Ç�îÝûÂ� �f �¬� ø Jij < 0 �þ Àª�� Jij > 0 �î ¢¤�¢ üÚµÆ� ßþ� �� ´¨� S = 0 �þ.¢¤�¢ üÞµ÷��î ùÂ¨ ×þ üµªÂ¨ ý¢�¡��¢�¡  ÇÏ��çõøÂê �î Àû¢üõ ö�È÷ ßþ� .¢¤�À÷ �� ßþ�ùÀû�Èõ ×þ�î �� ö� ¥�
~si.~sj =

12S(S + 1) − s(s+ 1) =











14 , S = 1
−34 , S = 0, (22.10) Âê �� �î Àþ¢ ¢�ª üõ

ǫij = const.− 2Jij(~si.~sj), (23.10) Çþ�� ê� � � Jij ö�� ÂÚ þ¢  ý�¨ ¥� .À þ�üõ ´¨¢ � � ∆ǫij = −2Jij  ß �È � �  ý�¹� µ ÷ ö�ÞûßþÂ�×þ¢�÷  ý�Â� �¤ üó¢�± �  Ç�îÝûÂ� �ú�� �õ À�� þüõ Çû�î ´äÂ¨ �� öøÂµØó� ø¢  ý�Ü¬�ê76



1928 ¤¢ ïÂ±÷�þ�û �î Âþ¥  ñÀõ Ýþ¤�¢ ¤�Ñµ÷� ���  ��Ì��õ  â�Þ� ¥� .ÝþÂ�ðüõ ÂÑ÷ ¤¢ �û�þ�¨Ýû:Àû¢ ¼�®�� üµ¨¤¢ �� �¤ ÇÏ��ãõøÂê ¢Âî ¢�ú�È��
E = const.− 2J∑

n.n.

~si.~sj. (24.10)
Ù�þ�þ� ñÀõ 2-2-10 Ç�îÝûÂ� ¥� ñÀõ ßþ� ¤¢ .´¨� Â�ù¢�¨ ïÂ±÷�þ�û  ñÀõ ¥� Àª ¢�ú÷Ç�� 1925 ¤¢ �î Ù�þ�þ�  ñÀõ¤¢ (���õ¥  üÆ�Ï��çõ  ö�À�õ  ý�µ¨�¤) ��¨  ý�µ¨�¤ �� ¯��Âõ  Ýú¨ �ú�� �þ�¨Ýû ø¢  ý�Â� ~si.~sj

(N−)N+ ö� ¤¢ �î ¢�ªüõ ù¢�¢ {σi} ¥� üãþ¥�� �� ù�Úµ¨¢  ýÀ��ÂØ�� Âû ø¤ßþ� ¥� .¢�ªüõ �µêÂð ÂÑ÷¤¢ �ûöøÂµØó�  ß�³¨� �î ¢¤�¢ ¢��ø üÚþ�¨Ýû ,(N−−)N++ ø ´¨� (ß�þ��)��� ö�ª  ß�³¨� öøÂµØó�ù�ðý�� ×þ ¤¢ �ûöøÂµØó�  ß�³¨� �î ¢¤�¢ ¢��ø üÚþ�¨Ýû N+− ø ´¨� (ß�þ��)��� ù�ðý�� ø¢ Âû�� ù�Úµ¨¢  ü÷�µÜ�Þû .´¨� ß�þ�� ÂÚþ¢  ù�ðý�� ¤¢ ø ���
HN{σi} = −J

∑

n.n.

σiσj − µB
∑

i

σi, (25.10)©¤��  â��� ¢�ªüõ �� ßþ� ¥� .¢�ªüõ ù¢�¢
QN (B,T ) =

∑

σ1 ∑σ2 · · ·
∑

σN

e−βH{σi}, (26.10)�� ù�Úµ¨¢  ÇÏ��çõ .´¨� ¢øÀ½õ ↓ ø ↑ �� �µ±ó� �ûσi  Âþ¢�Öõ ýø¤  âÞ� ö� ¤¢ �î ¢¤ø� ´¨¢ �� �¤
M(B,T ) =

1
β

(

∂ lnQN

∂B

)

T
, (27.10),B  ý���õ¥  ö�À�õ  ���è ¤¢ ü÷�Â½�  ¤�ÀÖõ ×þ ¥� Â�Ýî  ý�û�õ¢ ¤¢ �î Àþ¢ Ý�û��¡ .¢�ªüõ ù¢�¢.Ý�þ�ðüõ ý¢�¡��¢�¡  ÇÏ��çõ ö� �� �î M(0, T ) 6= 077



,´ª�÷ �¤�¬ ßþ� �� N±± ø N±  °Æ� Â� �¤ (25.10)  ü÷�µÜ�Þû ¢�ªüõ
HN (N+, N++) = −J(N++ +N−− −N+−) − µB(N+ −N−)

= −J(
12qN − 2qN+ + 4N++) − µB(2N+ −N), (28.10):Àû¢üõ �¤ ù�ðý�� Âû  ö�Úþ�¨Ýû  ßþÂ�×þ¢�÷  ¢�Àã� q �î

N++ +N+− +N−− =
12qN. (29.10)Âê �� ßþ� ¤¢ .ÝþÂ± � ¤�î �� �û¥�ð  ö�ã�õ  üÞa î  Ó�¬��  ý�Â� �¤ Ù�þ� þ�  ñÀõ Ý�÷�� �üõéÂÒ  Ý¹�  ý�� �� �� ßþ� ¤¢ N .´¨� ùÀª ñ�çª� ù¤£ Na �� �î Ýþ¤�¢ ù�ðý�� N �î Ý��îüõ�¤ ü÷�Úþ�¨Ýû  ¢�Àã� Naa � � Âð� .Àû¢üõ �¤ ¥�ð  ��¤£  ¢�Àã� Na ø ´¨� �µÆÈ÷ (N = V/λ3)�� ù�Úµ¨¢  ü÷�µÜ�Þû ù�ðö� ´¨� ùÀª ñ�çª� ö�ª  ù�ðý�� ø¢ Âû �î Ý�ûÀ�

H = −ǫ0Naa,¤¢ üó ø Ù÷�þ  Í¨�� ´¨� éøÂãõ lattice gas ý��Ø±ª  ¥�ð  ñÀõ �� �î ñÀõ ßþ� .¢�ªüõ ù¢�¢�� ü÷�µÜ�Þû üþ�� ø¢  ý�û���ó� ¤¢ ¥�ê  ¤�Áð  ü¨¤Â�  ý�Â� .´¨� ùÀª ¢�ú÷Ç�� 1952
H = ǫ11N11 + ǫ22N22 + ǫ12N12, (30.10)ø 1  á�÷  Ý�� � � ö�ª  ù�ðý�� ×þ �î Àû¢üõ �¤ ü÷�Úþ�¨Ýû ¢�Àã� N12 ö� ¤¢ �î ¢�ªüõ ù¢�¢¥� 6  Ç¿� �� ÂµÈ��  ������  öÀþ¢  ý�Â� .´¨� ùÀª ñ�çª� 2  á�÷  Ý�� �� ö�ª  ÂÚþ¢  ù�ðý��.À��î á��¤ 12  ÛÊê
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ÂÔ¬ ý�±�Âõ °þÂÖ� ¤¢ Ù�þ�þ� ñÀõ 3-10
Williams �õ��Üþø ø Bragg ïÂd�  Í¨�� 1935-1934 ¤¢ Ù�þ�þ�  ñÀõ  ÂÔ¬  ý�±�Âõ  °þÂÖ�´¨� ÂÑ÷ ¤¢ 1Åþ�ø  ß�Ú÷��õ  üó�Øó�õ  ö�À�õ  ý�þÂÑ÷  ��±ª ý��� ,°þÂÖ� ßþ� ¤¢ .Àª üêÂãõüã®�õ  ö�À�õ �� ù¤£ Âû  Ç�îÝûÂ�  ßµêÂð ÂÑ÷ ¤¢  ý�� �� ý�Â÷�  ý�±¨�½õ ¤¢ �î ��ãõ ßþ� ���� Ç�îÝûÂ� À�îüõ Â��ç� ÂÚþ¢  â®�õ �� üã®�õ ¥� ø �û�þ�¨Ýû  Çþ�¤�  Â��ç� �� �î ù�ðý�� ö� ¤¢ À� ¤¢ �î °þÂÖ� ßþ� ¤¢ .¢�ª �µêÂð ÂÑ÷ ¤¢ ´¨� ö�ÆØþ �Ø±ª  Â¨��Â¨ ¤¢ �î ß�Ú÷��õ  ö�À�õ�µêÂð ùÀþ¢�÷ �ûùÀþÀ�  ¼�®�� ¤¢ �Ø±ª  Àã� ø �¨À�û ü½®�ø  ÛØª �� ´¨� ¼�½¬ q → ∞.¢�ªüõ,Ý��îüõ ÓþÂã� �¤�¬ ßþ� �� �� �¤ ¢Â�À�Ü�  ÝÑ÷  Âµõ�¤��

L =
1
N

∑

i

σi =
N+ −N−

N
= 2N+

N
− 1. (31.10) ý�Î��¤ �� Ýû ÇÏ��çõ .N± = N2 (1± L) ø −1 ≤ L ≤ 1 �î Àþ¢ ¢�ªüõ üð¢�¨ �� �� ßþ� ¥�ù¢�¢ (25.10)  ý�Î��¤ �� Ù�þ�þ�  ñÀõ ¤¢ ý�Â÷� .¢�ªüõ ù¢�¢ M = (N+ − N−)µB = NµL:Àþ�üõ ¤¢ �¤�¬ ßþ� �� ÂÔ¬  ý�±�Âõ  °þÂÖ� ¤¢ �î ¢�ªüõ

E = −
J2qσ̄∑

i

σi − µB
∑

i

σi

= −
12(qJL̄)NL− µBNL, (32.10)ý�Â÷�  Í¨�µõ �� ßþ� ¥� .´¨� ùÀª ù¢�Ôµ¨� σ̄ = L̄  ýø�Æ� ¥� �ø¢  ýø�Æ�  ö¢¤ø� ´¨¢ �� ¤¢ �î:Àþ�üõ ´¨¢ �� U = Ē

U = −
12qJNL̄2 − µBNL̄. (33.10)�î ß�þ�� ß�³¨� ��¤£ ù�Úµ¨¢ ø ��� ß�³¨�  ��¤£  ù�Úµ¨¢  üØ�õ��þ¢�õÂ�  ñ¢�ã� �¤ ù�Úµ¨¢  ñ¢�ã�Âð�

the mean molecular field theory of Weiss 179



Ýþ¤�¢ ÝþÂ�Ú� À��îüõ �ó¢�±õ ù¤£ ÂÚþÀØþ ��
µ0(N+) − µ0(N−) = δU, ý�µ¨�¤ öÀª �ä  ý�¥� �� ý�Â÷�  Â��ç� δU ø �ûù�Úµ¨¢ üþ��Þ�ª  Û�Æ÷�µ� µ0(N±) ö� ¤¢ �î:´¨� ß�þ�� �� ��� ¥� �ûöøÂµØó� ¥� üØþ  ß�³¨�

δU ≃
∂U

∂L̄
δL̄ = 2µ(

qJ

µ
σ̄ +B). (34.10) °þÂÖ� ¤¢ ¢�ªüõ ù¢�¢ z = eµ/kT �� ��¤£  ¢�Àã�  Í¨�µõ ×�÷�÷�îÀ÷�Âð  ¢ÂÚ�û ¤¢ �î �� ö� ¥�,Ýþ¤�¢ ×�¨�î

N̄−

N̄+
= e−δU/kT = exp

(

−2µ(B +B′)

kT

)

, (35.10) �¤�¬ � � ¢� ªü õ �¤ ýø� Æ � ß þ� N± = N/2(1 ± L) � î � � ö� ¥� .B′ = qJσ̄/µ ö� ¤¢ � î:¢¤ø�¤¢ L̄  ý�Â� ý��ó¢�ãõ
qJL̄+ µB

kT
= tanh−1 L̄. (36.10),Àþ�üõ ¤¢ Âþ¥  �¤�¬ �� �Î��¤ ßþ� B = 0 ü�¤�¡  ö�À�õ  ���è ¤¢

L̄0 = tanh

(

T

Tc
L̄0) , (37.10)¤¢ Àþ�ðüõ �î ´¨� L̄0 = 0 ,T > Tc  ý�Â� �� �  ý�ó¢�ãõ  ���� �ú� � .Tc = qJ/k ö� ¤¢ �î�ó¢�ãõ ßþ� T < Tc  ý�Â� �õ� .´¨� ÂÔ¬ ù�Úµ¨¢  ÇÏ��çõ T > Tc ¤¢ ü�¤�¡  ö�À�õ  ���è,Àû¢üõ �¤ ù�Úµ¨¢  ý¢�¡��¢�¡  ÇÏ��çõ  ¤�ÀÖõ �î ¢¤�¢ Ýû ýÂÚþ¢  ����

L̄0 ≃



























1− 2 exp
(

−2Tc
T

)

, T ≪ Tc,

√3 (1− Tc
T

)

, T → −Tc.

(38.10)
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,ßû�  ý�Â� ü�Â¹�  Âþ¢�Öõ �� Ýþ¢¤ø� ´¨¢ �� �� ßþ� ¤¢ �î üÈÏ��çõ ��µî ¤¢ 12.12  ÛØª ¤¢ üµ¨¤¢ Â� ýÀ�î�� �û¤�¢�Þ÷ ßþ�  ��¡ ¤��Æ�  ü÷��¡Ýû .´¨� ùÀª �Æþ�Öõ 2´�µ�Úõ ø ´ó�±î ,ÛØ�÷.´¨� Ù�þ�þ�  ñÀõ  ÂÔ¬  ý�±�Âõ  °þÂÖ�,¢¤ø� ´¨¢ �� �¤�¬ ßþ� �� U0 = −12qJNL̄20  ý�Î��¤ ¥� ¢�ªüõ �¤ ùÄþø  üþ�õÂð  ´�êÂÒ
C0(T ) =

NkL̄20
(T/Tc)21−L̄20 − T

Tc

=











32Nk, T = T−
c0, T > Tc.

(39.10).´¨� T = Tc ¤¢ ¥�ê  ¤�Áð  ýùÀ�û¢ö�È÷ C0(T ) üÚµ¨����÷¥� ö�  ¤�ÀÖõ ø ´¨� ÂþÁ�ö�Øõ� ü�¤�¡  ö�À�õ  ¤�Ì� ¤¢ �ú�� Tc ¥� ÂµÈ��  ý�õ¢ ¤¢ ÇÏ��çõ,ø ¤ ßþ� ¥� .L̄≪ 1 ¢�þ¥  ý�õ¢ ¤¢ �î ´¨� ¼®�ø .Àþ�üõ ´¨¢ �� (36.10)  ý�Î��¤
qJL̄+ µB

kT
≃ L̄, �¹�µ÷ ¤¢ ø

χ =
M̄

V B
=
NµL̄

V B
≃

C

T − Tc
, (40.10)ßþ� ¥� �î ü÷�Â½�  ý�õ¢ .¢¤�¢ ��÷ Åþ�ø-ý¤�î  ö�÷�ì ���  ý�Î��¤ .C = Nµ2/V k ö� ¤¢ �î�î ü÷�Â½�  ý�õ¢ ñ�·õ  ý�Â� .´¨� ÂµÈ�� üÞî ö�  ü�Â¹�  ¤�ÀÖõ ¥� �f±ó�è Àþ�üõ ´¨¢ �� �Î��¤.Àþ�üõ ´¨¢ �� Tc = 650K �±¨�½õ ßþ� ¥� ´¨� Tc = 631K ÛØ�÷  ý�Â� â þ¥� �  Âê  ¥ ¤�Ý û � õ� � Ü þø-ïÂ �  ° þÂ Ö � � î Ý � û¢üõ ö�È ÷ À þ�üõ ü � ¤¢ �� ö� ¤¢

N+ �� �î üÈþ�¤� ×þ  ý�Â� �Ø±ª  ý�Â÷� �î ý��Î��¤ ¤�Ñ�õ ßþ� �� .´¨� �Ø±ª ¤¢ ��¤£  üê¢�Ê�,Ý��îüõ �Æþ�Öõ Ý�µêÂð ¤�î �� �õ��Üþø-ïÂ�  °þÂÖ� ¤¢ �� ö� �� �¤ ¢�ªüõ ù¢�¢ N++ ø
U0 = −J(

12qN − 2qN̄+ + 4N̄++)

= −
12qN (2N̄+

N
− 1)2 . (41.10).´¨� Fe2O3 ø FeO ¥� ü±�îÂ� âì�ø ¤¢ �î À�û¢üõ Çþ�Þ÷ Fe3O4  �¤�¬ �� �î ßû�  üã�±Ï  ü÷�î 281



�î ¢�ªüõ ��Üãõ �� ßþ� ¥�
N̄++

N
=

(

N̄+

N

)2
. ñ�Þµ��  â�Âõ ´¨¤¢ ÂÚþ¢×þ  üÚþ�¨Ýû ¤¢ ���-ß�³¨�  �ø¥ ×þ  ßµê�þ  ñ�Þµ�� �î ßþ� ü�ãþö�Þû �õ��Üþø-ïÂ�  °þÂÖ� Å� .Àª�� ��� «�¡  ù�ðý�� ×þ ¤¢ ü÷øÂµØó�  ß�³¨� ¤¢ �î ´¨� ö� âþ¥��  Âê ¥� .¢¤�À÷ ¢��ø �û�þ�¨Ýû  ß�� üÚµÆ�Ýû º�û ö� ¤¢ �î ´¨�  üê¢�Ê�  âþ¥����Üãõ  L×þ  Â�Ñ÷ �î ü�ø�Ôµõ  ý�ûâþ¥�� ¢�Àã� ü�ãþ g(L)  ü�Úú±� ü÷�¨� �� ¢�ªüõ üê¢�Ê�,¢¤ø� ´¨¢ �� �¤ ´¨�

g(L) =
N !

[N/2(1+ L)]! [N/2(1− L)]!
. (42.10)�� Ýû L Âû  Â�Ñ÷  ý�Â÷�

E(L) = −
12qJNL2 − µBNL,,¢Âî ��Æ� �¤ ©¤��  â��� ¢�ªüõ ��ßþ� ¥� .¢�ªüõ ù¢�¢

Q(B,T ) =
∑

L

g(L)e−βE(L). (43.10)¤¢ �ÜÞ� ßþÂ�ï¤��  Ýµþ¤�Úó �� �¤ lnQ ,A = −kT lnQ ù�Úµ¨¢  ¢�¥�  ý�Â÷�  ý�±¨�½õ  ý�Â�,Ý�¨¤üõ Âþ¥  ý�¹�µ÷ �� Ù��óÂµ¨�  °þÂÖ� ¥� ù¢�Ôµ¨� �� .Ý�÷¥üõ °þÂÖ� ���  âÞ�1
A

≃ kT

{(1+ L̄2 )

ln

(1+ L̄2 )

+

(1− L̄2 )

ln

(1− L̄2 )}

−

(12qJL̄2 + µBL̄

)

.(44.10),Àû¢üõ �¤ (43.10)  ýø�Æ�  ´¨�¤  ´Þ¨ ¤¢ �ÜÞ� ßþÂµð¤�� L̄
kT2 {

ln

(1+ L̄2 )

− ln

(1− L̄2 )}

− (qJL̄+ µB) = 0, (45.10)82



�î ¢�ªüõ ù¢�¢ S = (U − A)/T  ý�Î��¤ �� ù�Úµ¨¢  ü�øÂµ÷� .´¨� (36.10)  ý�Î��¤ ö�Þû �î,´¨� ù�Úµ¨¢  ý�Â÷� U
U = −T

∂

∂T

(

A

T

)

= −N(
12qJL̄2 + µBL). (46.10)�¹�µ÷ ¤¢

S(B,T ) = −Kk

{(1+ L̄2 )

ln

(1+ L̄2 )

+

(1− L̄2 )

ln

(1+ L̄2 )}

. (47.10).S = Nk ln2 ,´ª�¢ Ý�û��¡ L̄→ 0  À� ¤¢ü�¤�¡  ö�À�õ  ���è ¤¢ À�û¢ ö�È÷ :ßþÂÞ�
S(Tc) =

∫ Tc0 C0(T )
dT

T
= Nk ln2. (48.10)

�û¥�ð ö�ã�õ�� .´êÂð ¤�î �� âþ�õ-¥�ð  ¥�ê  ¤�Áð  ¼�®��  ý�Â� ¢�ªüõ �¤ ���  ¸þ�µ÷ Ý�µÔð ÂµÈ�� �î ¤�Ï ö�Þû¥�ð  ý��Ø±ª  ñÀõ ¤¢ Ý¹� ø ¤�Èê  ý�Â� 6.12 Ç¿� ¤¢ ùÀª ù¢�¢  ý�ûý¤�Áðý�� ¥� ù¢�Ôµ¨�,Ýþ¤�¢
P = µB −

18qǫ0(1+ L̄2) − kT2 ln

(1− L̄24 )

,1
v

=
12(1+ L̄). (49.10)Ý¹�-¤�Èê  ý�û¤�¢�Þ÷ ¥� üØþ B  Âµõ�¤�� ¥� ¤�ÀÖõ Âû  ý�¥� �� ���  ý�ó¢�ãõ ø¢ ¤¢ L̄  éÁ� ��¥� L̄ ,B = 0  ý�Â� ñ�·õ  ö���ä �� .(À���±� ��µî ¤¢ �¤ 14.12  ÛØª) Àþ�üõ ´¨¢ �� (�õ¢Ýû)¤¢ ø L̄ = 0 ù�ð ö� T > Tc Âð� .Tc = qǫ0/4k ö� ¤¢ �î ¢�ªüõ ß��ã� L̄ = tanh

(

L̄Tc
T

)  ý�Î��¤¢��ø v± = 2/(1±
∣

∣L̄
∣

∣)  ýùÄþø  Ý¹� �� âþ�õ ø ¥�ð  ¥�ê ø¢ T < Tc  ý�Â� �õ� .v(T ) = 2 �¹�µ÷.À÷¤�¢83



ñø� °þÂÖ� ¤¢ Ù�þ�þ� ñÀõ 4-10

84


